(2) 83! ulox!






-
s

(Beiad Azala &) giiia
aglall 4,1

By 38}
byha gua il
Gl and 8 e luse Hiud

21435-1434 e dasla

»2014-2013






D e reran e sz + ¢ s e rare s daxis
13 cerereeeengi®een e Ll O e J¥) Juadl)
13 el D ... g yoall lapyall aladinly iy il
13 o . o B dule dadie]
o S - S RS § T W aly deai -2

6. CF. AL . ...\ ol e s Jhall ol -3
17 coveeeonsefoiitnenesnsssoios et bt i venenens . ol cuilh1-3

18 ........ JESERACR LN AL 1 fakaiie bl Jadll yiill-1-1-3
34 coveern Bvennnnnnn T Syainna gl Jlaal) (o ill-2-1-3
74 .......% oo BN Syl Uaall oY) o) ja6-3-1-3
75 i B LB LB ool e cuEl-2-3
89 cvevvi B RN ool
LR S o, SRS, S A . S Suail)
OB . M B e ddadll eV oleall Jea Ja
053 % ey "W .. ... AT a1
06 . J.. %,...n. D NS R e B T =l ueai -2
110 e . e L, S Llaall eV slaal) Jea da 3hk-3
M1.. 5 Llaall c¥olea)l dlea Jal 3paluad) G5hLI-1-3
1120 iiiccinnennh I 1. 0.00....1.... L) usle A8yyla—1-1-3
17 e Dsa sle Aayk—2-1-3
120 ettt 5SSl las-3-1-3



126, LU silk4-1-3

130 it ahsall 3hhi-2-3
gV ORI rrsosrerpryyy, S - @S dgyl-1-2-3
g ;< DO AU OTOTOTe. O - JE O, . T Ja usle dayyl—2-2-3
152 eeigllnnnnnn. B I ges® § . S.0.R ii,l-3-2-3
[V (VN W YT - AU, cla
185........880 . . R Nl Gl Juadl)
n6s.... K. & . ............. k. Lalad) laledl) ¥ alaall gaaall Jall
o [:1: TR SOURR Jsladl Ayl gs dgal 3\ Ain e —1
169...c... oo R aslgll 3oladl) iy @kl -2
([T SO o . . ) saaxiall Calghadll Culd 3kl -3
209...... % oo B BB B R B clad
215 o Beciiiirnnnnc o e B B ) Juadl)
7 [ TRONN. T, W, S iladll e c¥aleall Jeal a2l Jall
RIS oy M ovivivreiuanen I ieiiinininsales . a0 danie-1
270. M. B Mo sagi® e g A4y yla -2
223%™ (ol (pmlill) (3yadail) dimyua g AN AL )5 465k -3
358, M. R N M o am B clad
223G P o A ... . oAl Jadl)
230, Y e e e o T Hoaall LY
239t A N R LR dadie-1
240 it aly e il g all dadll paan -2
242 e Lllad) Gad) 35hk 1-2









1
w

> 1 pos 1A e

- o

A0 IR0

gl 5 Slalyll agle o AS A0 aslall (e (ga0al) Jilaill ole a2
gy eaia cllg cApaly) dilie dad de))lsd el 488 oy dua celaall;
I8l Gaa) Al Lesh B pniia Jay p85 Ailangs Jal) dga e dpaly)
AiSas 4dlS
aad Sl hall e are 5 Aol Gabhl may QUSH 13a (jmya
Eimpal ady (1) gaaadl Jolail) LSt U ehal) say chpaalyl) Jiludl)
saic JSaTE AhkY Cladind (g el Ll cRai) cde giiall BT (pe a2l
Ol das e 4l e oy Bialy s of lgale gl Aifies 4y Lale 32cld
5 ALY Jay Lidla eaais @llily cel3e V) Lidla (ol o alell 1aa 5day
Ay dlgladll ye cplall da () JUy) a8 QUSH G dgsal) (re 2SE
e laplall o 585 SLaia¥) o e s ol (b Ay A pe alllal) Sy
Ll lsall o o lid Aplail) Gaul) g aagl o1l )
P J el el (e i) datly
aclll aal H <5 cilgla 2y byl gounge JY) Joadll Jliy o
¢ g JS8 skl sag claa dag) ilesnsall (e a5 4l Apull)
Gl pend A g omsall caridi PLA o Gl iy Eiad
il ) Adadll il il ciand o8 cghall e gyl 5 dkal
aal vt o Baabeiall alsill 5 Ayl alsill) Bpaiase aolsi 5 Aaaiia
yal] ASipall ¢ UndS eV aall g gumge gl ) cilia sl
aslS Aalal) eV oy e Lhadl) e byl ol 8 iy



ral e s Yl LB Cany ol 1aa A kit 3 cdpd)
Al ALY 8 anadyy 8 sy o sl eyl gl

el ) Akaal) e slaall gaaall Jadl duhal SU Jaadl) saaiy o
sl 3Ll Gty Eum gaaal) Julail) Lealle 3l G aal e
o) 4S5 AphSill gl )l Jays ) il 5 Ayl @ikl
A Al il yuall aaf EiSS gl sl Caua

Liayaay ¢ Agalad) loalitl) Y alaall (gaaal) Jad) G Joadl) ol o
daalgll sphadldl ld Ghlall (any (s cdsladl dulangs asasl 3lS
i) fghadl) @ikl 3

5 il e VAl Jaad gaaall Jall ol Joaill 2llal 5 0
Cre A ALl 5 (i Al ity ¢ puiias Lgial)y G Loyl
DS3 g caie Ayl Sl Ty Suig o8 cdaiall GELL e
i JS die dlglaal) dhY)

el gpall Al by ay (LB Gualal) Joadl) upry 1l e
Cradl GALRS dinall ALl el ool of il ol i saay
W BRI aal Euge s o il ik 5 Lpadl) Ll ) llad
clinia) e ades ) @bkl 2 V) L) e cliiiall aadis
ol Ayl clidal) e aas Y A Bk a8 Al 5 g
e gtiall ABaY )y Aamana il o gus Il Lt s

o saebue J) g (pplaill e A gene QUSY Jsamd o Jasd IS 2y
g y2all apliall Claginad

10



Joa b ) adaadte 4 1slay YT e V) bl 5 Lidla) cre gy
. berlant2014@gmail.com Jia) e Llbajly sl
el i e A aaba (S 13 8 Sl e JS ST of ol
gl Gl S 1 o of Jabi Lelia

..L.aﬂ\ ;bj ( c\i\b
Aalyal)

11


mailto:berlant2014@gmail.com




S Sl
Gual) Claayal) aladialy cilu il
Least Squares Approximations

sdadda -1

&) G i) Gany (1) (gaaad) Julatl) il e G La (8 Ly
(8Uanal) Jalanl) e (e 0 (2\__3.333; OeSa .ﬁ) c_au Oe daanl) gr glaniwy)
Al dsall e dpagaal) 6% Nivie Jalis Geed Lal 41 ajid
Aol e OsSiw Anagasdl e 1 AN 8 LeS dehgie ddads A0 Ll € 13l

.O:\’.uﬁ_g e.u:i

Least-Squares Fit of Data Samples with Noise

0..5 1 1T5 2 275 3 3.5
1 J<all
i Tan 5ya€ Uadl) A <05 5agage elaia) Al AT aled Liag

dgagan O9Ss a8 (o) il Hladl e adieny iyl 4 Al Ak aaanld

13



u-o‘)-n_-jy Aﬁj SM\LM\w@m\ﬂﬁ%cLﬁjbj‘si LMT@U}T
2 AL Ut & Gun) S Wadl) 05K o 5 oyl (4805 (6)aY) Tl
Lo Jial (2 U< (i) e Al ey g Uadlly Talaall JS1 oUad) £ sane

K
y i
¥ =aI+b\
(Iu=}'u) l
(x1.¥1)

2 J<a
adll Crons o3 (83050 B0y (1) bl Sl culuyaall b 4l aas 13K
o (Bl o3a (a) il Lt Tpasly Byail) oda (e aals Juadl ailil) 138 ()60
Byajl) ldY doled Adyh aag Y 4] Alaadle e Uadll dad s by
IR
il L) g SO (1) s

p3ian 1) Ll Al W@l U8 <, 1, €C [a,b] sl ol
agpo (X )+ @ (X )+ + e, (X )=0=p =g =...=, =0;
Vak ER,k :O,...,n

Jahs dhagie Wseas @l Jac Lasds

14



i) sy oI (2) i
e s age 20 4l f (x) il adi Capas of (x) efa,b] cark
b Lo i |f |4

[f =0 -1

Jab] G olKe IS A F =0 K1) Laié 5 13 |f [=0 -2

vAeR; [at|=|A[f ] -3

(& daslsie (=5 5 ) ¥ g <C[ab]; [ +o] <t +[g] -4
ol Gl [If [ 5o ¢(2) el Jagydll US < 1Y)
1AL fq,fy eCla,b] ol (o ddleall Cajal

(2) d(fy,fp)i=]fy—F5]-

)

d(fy,f)=0 -1

vxela,b]; fi(x)=Ff,(x) oS3 bad 513 d (fy,f,)=0 -2

(3) d(f,f,)=d (f,,f;) -3

Vi, fo,faefab];  d(fyfg)<d (fy,fy)+d (f,,f3) -4

FO0sY & (3)

tek Lo gis 13 Lay 1) Ja, b Jaal) o 035 2l saw(x) O Jsis
e @l W (1
-w(x) >0 (2
YneN,xela,b[ : I:W(x)|x|”dx<w (3

:(1)Jbw
15



L daadl e s 2B spw(x) =

1
V1-x?
tghdd) e g il il -3
oar& 3 «Rofab] dlaall (o s 5 pre pls f (x) (S0
:dusy 9 9eC [a,b]
(4) #(X):=¢(X,C0,Cy,....Ch ) =@(X,C) ;

Co
Cq T ez
x e[a,b],c= =(C0,C1,-Cn ) 1Ck €R ) Lale
Cn
9 f (X) = A&l U}S TN CgsCqs--:Cp Ol Jbﬁl UJJLAS\)
(Sa Lo ral g(x)
o (x) Al Gills aa
¢xj e[a,b] Blad) o atie 20 e e f(x) &l OIS 1Y Y
Sl @l yal) s Aley ALl ead 3 ¢y =F (X;) oy
cAadagie calilud
Jiaall e 20l S f 3lanadl SLls £ (x) galall oS 13 <Ll
Syaiaall adsill (grall ilanyal) oy Alay Allesdl) oS Bie ¢[a,b]

o) ol Laala) i gh(x) aolll Lucailly Ll

16



Gl ep(x)efab] Luba Al e ailsi ANy g(x) gelall 48 o < 1)
Jaly

(5) $(X,6)=Cog (X )+Cn (X )+ +Coty (x):éckgok(x)

Alse lage s Ll ol lae Loy Abdll oyl Alliae Al ead Mve
Aladl) e il
b bl cuyall Alles e J

#(X ,C0,C1,C2,C3) =Co +Ce 2 +C; In(x )+03(x 3 +1)

pbal el Al e JBS

#(X,Cq,C1,C2,C3,C4) =Co COSN (CX ) +C 8 —¢,(x¢,)

: hal) cu il 1-3
S LAk ‘L'L*‘“‘-‘M@b-' . @,y €Clab] 5f eClab] cas
:&—‘:‘;T’ {%1@_!'"1¢n} L)A .M ‘ ""\L;j.. All ufs\)ﬂ\ ds;"c}u‘ g

(6) VpeS ; ¢(x)=§‘,ck¢k(x)
=0

HAYRLTS
(7) d(f.¢)=[f -]
=D (Cg,C1,.-,Cpy )
rag(Ledlelas o ) ¢ ol e vaes g callad) oo &bl &)
o el ddgllall JIKEY) (an
e n Al e clasas ) gy =L =X, 0 =X, =X -1
(s

17



@ =1, =c0s(X ), =sin(x ), 3 =cos(2x ), =sin(2x),... -2
(&ihie &l53)
Adide o €R Cus gy =L g =¥, =% 3 =% ... -3
Baalaial) aalgill —4
b LS ) Allesa gL of oS4 (V)
3 c\-ﬁaaz\lﬁmc—a\} PP, €Clab] sl 5¢f eCla,b] Lsare
reunsy o0 (x) €S alay] cagllal

®) :ico)gok (x)eS
k=0
R

=minD (Co /€1 :Cn )

A ETERY z\.\AJ.\A)(l) Ak g

a0 -pekai L] Uy ¢ g, @, €C[ab] Libad Al s ddes JS)
f eClab] SU b 5(9) i g% €S v mls SN e
dakaiia bl al) cudil) 1-1-3

b LS Ll ¢ Ll Allall o2 8

N +1 e asleas of eClab] b Ja¥ (8) il o ¢ e ian
cyj =f (xj) S0 9 ¢(N 2n) xj €[a,b],i =0,1,2,..,N dabhda i Lo
Vg eCla,b] Eusyg

18



1
2
(10) lal, = (ZW g J
- ealail) Couas ||g||2 5 ool L dacl w; Gua
D g (10) 3Dl (8 g =f — ¢ Ly 1)
O _ minff ¢ — min'S
Jr o)) = minl ol - min 2o f 04)=4(0 )

(11) :zweigDz(co,cl,...,cn)

E(xi)=f (i) —g(xj ) Jax Wllés

(Jia¥) ol €0 daalaall dausilly

a . n e
‘ ¢(X_' )=¢(xi) 5 F(Xi,6)=B(Xi,C0,CprensCp ) = D (%) ) b
p dlall N aleal) dlen o5 Ly

n N
ZCIEO)ZWW’J' (xi Yo (i ):Zwif (Xi Yoj (Xi )1 =0,...,n;N =n.
i i=0

Boy
N
(05 o )= D wioj (i ) (xi),
i-0
N
(13) (f 10 )= D wif (xi oy (xi),
i-0

19



148 gteaall Axpally duladd) Y aleal) dles eual Yixie

(14) Gc=a
(o) « (wm)) ()] ()
(15) G= ' ' ,c=| |, a= '
((/’n’ﬁl’o) ((/’n’ﬁpn) Cgo) (f 4"0)

(o5 0 )=(o 05 )) 66T L3ty

L (n210) Wil (15) Lodadl) c¥alaad) dlaa of ) olal) cany daall 3
Gl (QR) bk padies il ol Al GHL (gan] o cddasye 0555
- Belaiall Cibagaall ) dagaal) (K6 st ol <G Adshadl)

(4) s

tgladllh g eCla,b] divd (Sar 5 iy @l Wi >0 gk

(17) (05 o )= ox . (f10))=1" o
(18) £ o=(\Wot (X0).Waf (xo)nfi f (xp )T <R

13) Ladd 13 dag IS5 5 Jall AL (12) ABDha)) 3 ddadl) e aladd) dles )

20



.i:\jai PAVIIN ﬂ(,k =0,1...,n @bﬂ\ cnl

s s

Old n>N 13 )elaha & dagie gk =010 adsill gld n=N LS 13
e 2 Aledls =N oS3 ¢ Lan Ll dhasiye gk =010
.(c\.é:\'.'\.«.u\

2\:\),\9-“ Gl gaatls ;Ej::d\ 1-1-1-3

428 (12) B s () =xf s Al e 3

- N N .

Zcﬁo)ZWixik“ = wif (xi k) j=0L...n.

k=0 =0 i=0

: Sl (15) dubaad) Y aleall dlas (5585 Mnie ¢ Wy =1 i

N +1 in lez inn Zf (xi )
(20) Xxi Oxl B kMY .0 Dof (i )xi
inz ZXIS ZX|4 inn+2 0. Zf (xi )Xi2

I DI A S A 2 (ki )X
1l Yl
s A UL g =1 (1

ﬁi’.’\_u.d«__x_piﬂbsizo ..... N k:'_l_..\A(Xi,yi)GRz‘ju:\iﬁz\_laz.}N-%l Lgd_\
¢ ailales

1
y =90 00) =3 ¢ x*
k=0
:c(()o) +c1(0)x

21



) 5 ¢(20) b s

N

N N N

2

Sx :in »Sxx = 2% » Sxy :ZXiYi » Sy :Zyi
i=0 i=0 i=0 i=0

: ey

AN U’_\YJL&AM ;U.AA d;ﬁj

O " (N +1)Syx —SxSyx

(22) o(0) _ SxxSy ~SxySx
1 - .
(N +1)Syyx —SxSx

:(2)Jbw

Al SUlad) Gty (s asiicsal) dlalas 2agf

Syl Uadll ded aagl 25 (7,8.3),(5,6.1),(2,2.9), (1,2.1)
sJdal

S Sy xS

s S

X Yol Xy !

Sx =D Xj =1+2+5+7=15
Syx = O x7 =17 +22+52 +7% =79

Sy = D XiYi =21 +(2)(29)+()(6.1) +(7)(8.3) = 96.5

22



Sy =Y yi =21+29+6.1+8.3=19.4

ans el

(0) NSxy =SxSy  4(96.5)—(15)(19.4) 386-291 95
cy = = = =22 =1.04396
NSy —SxSx  4(79)—(15)(15)  316-225 91

0 _ SxxSy ~SxySx _ (79)(19.4) - (96.5)(L5)

1 NSyy —SxSy 4(79) — (15)(15)
1532.6-14475 85.1
~ 316-225 o1

t sl ) a6 el
f (x) =1.04396 x+0.9352

=0.9352

t S yall Wadl) (46K
4
E=DF (xi)-yi T

i=1
E=[F0%) =Yl +1F (%) =y, 1 +1F (%) = ys1* +[ (%) - y,]°

JLNeN
f(x,) =1.04396 (1) +0.9352 = 1.9792
f(x,) =1.04396 (2) +0.9352 = 3.0232
f (x,) =1.04396 (5) +0.9352 = 6.1552
f(x,) =1.04396 (7)+0.9352 = 8.2432
tdiag

E =[2.1-1.9792]% +[2.9 —3.0232]° +[6.1—6.1552]° +[8.3—8.2432]*
=[0.1208]? +[-0.1232]? +[-0.0552] +[0.0568]*

= 0.01459264 + 0.01517824 + 0.00304704 + 0.00322624

= 0.03604416

23



a_vld\ @tﬁb sUaxll L"_\l.i\:\.\l\ SJS.:J\ (o

S =0.13424596
r=0.99927392

2% -
,lg,%_.
7 o]
o o%]
Tl |
> 396
217 ]
’\,‘A‘%IIIIIIIIIIIIIIIIIIIIII
0.4 1.6 2.8 4.0 5.2 6.4 7.6
X AXxis (units)
(2) Jall syl agiticnn s bl 13 (<)
:(3)Jb
P yal) Uadl) 2 aagf @ ad 4l aladials A bl (o8
X; -1 0 1 2 3 4 5 6
Y, -1 0 1 2 3 4 5 6
: Al
Sy Su v Sy 1 S, (e IS Gl
8 8
Sp =D X =92 S,=>.% =20
i=1 i=1
8 8
S,=>y, =37 Sy=2.%Y; =25
i=1 i=1

24




AN &ﬂxmj
c(0 NSxy —SxSy  8(25)—(20)(37) 200-740 -540
0 " nS, —S5,Syx  8(92)—(20)(20) 736-400 336
0 _ SxxSy ~SxySx _ (92)(37) - (25)(20)

1 NSyy —SxSy 8(92) — (20)(20)
3404 -500 2904

736 -400 336

=-1.6071429

=8.6428571

tastladll Jhal) il ¢S el
f (x)=-1.6071429x +8.6428571

tdiag
f (x,)=—1.6071429(~1)+8.6428571=10.25
f (x,)=-1.6071429(0)+8.6428571=8.6428571
f (x3)=-1.6071429(1) +8.6428571="7.0357142
f (x,)=-1.6071429(2)+8.6428571=5.428513
f (x5) =—1.6071429(3)+8.6428571=3.8214284
f (xg) =—1.6071429(4)+8.6428571=2.2142855
f (x7)=-1.6071429(5) +8.6428571=0.6071426
f (xg) =—1.6071429(6)+8.6428571=-1.0000003
rSall Uasll (46

E=DIF() -y T

E =[-0.25)° +[0.3571429]% +[0.0357142]* +[0.4285713]°
+[0.17857145]* +[0.7857145]° +[-0.6071426]° +[-2.00]°

=0.0625 +0.128551051 + 0.0012755 + 0.183673
+0.0318878 + 0.6173473 + 0.368622 + 4.0000012

=1.392858446
2\.4)3,«5\ @mb sUaxall i) 4 &N an

25



S =0.00000000
r=1.00000000

610 -
6?’0_'
7 2]
= ]
> u
0 2%
> XS'O_'
0
&ﬂglllllll TR e e [ e e e [ T T
1.7 -0.3 1.1 2.5 3.9 5.3 6.7
X Axis (units)
3 Jtiall Canyill asiieny i) 24 J<a)
Pl adad ) @bl o n=2 (2
Q—L‘sél‘%—’)ﬂ}"_ ..... N Qﬁa(xi,yi)eszz\.ﬂ'&MN+l Lual

N +1 ZXi

X 2

in

>xd

. alalaa Q:'A BA\SA



(0,6(9,60) claladl w8 o Jpeanl) (Sas lpmasats quelaall ol iy
cAlggen Ul 8 lgasgaig
:(4) It
N Ul Caje ) AN dajall (e @l Alslae 2l

X; 0 0.5 1 1.5 2
Y, 0 | 019 | 026|029 | 031
(Sl Lt dag a5
N
malaall Gl 2l 4 JEal) 138 8 lasal) bl axe o 3aalay

5

D> % =0+05+1+15+2=5

i
i=1

5

> x2=0+0.25+1+2.25+4=75

i
i=1

5

ZX?' =0+0.125+1+3.3715+8=12.5

i
i=1

5

D x! =0+0.0625+1+5.0625+16 = 22.125

i
i=1

ixi y, = (0)(0) +(0.5)(0.19) + (1)(0.26) + (1.5)(0.29) + (2)(0.31) =1.41
1A dag
o\ 22.125)+c{”12.5)+c{V (7.5) = 2.2
c\9@a.125)+¢0 (7.5 +cV(5) = 2.2
(0 @5)+c{V5)+cl% (5) =1.05
s CYalaall (e dlaad) 838 Jag

27



cl®=—0186 , ¢! =03611 , c{¥ =0.0117

:g._ajﬂs.vd\ g:g.a)ﬂ\ @tﬂ\ QJS:'J
f(x) =—0.186x2 +0.3611x +0.0117
Syl Uaal) dad
E =0.00124629
slasall Jalail) aie &.\)Ld\ c_am\ (‘535 1djdaj\ BT)

Xi yi f (Xl) yi . f (Xl) (yl - f (Xl ))2
0 0 0.0117 -0.0117 0.00013689
0.5 |0.19 | 0.1651125| 0.0248875 | 0.0006193877
1 0.26 | 0.26425 -0.00425 0.0000180625
1.5 |0.29 | 0.3091125 | -0.0191125 | 0.0003652877
2 0.31 | 0.2997 0.0103 0.00010609

1 Jgaall

il alilly lanall Calilall Slal) a5 JSEN ey

28



S =0.01648200
r=0.99534028

02"
(]
] (]
02° ]
B o]
'c ] (]
=) ]
o oM
> o]
o™
00- u T T T T T
0.0 0.4 0.7 | 15 1.8 2.2
X Axis (units)
4 JBall Canjil ailis lilull 5 (<)
:(5)Jba
Al bl Gy s AN dajall e aals Adles 2l
X, 1 |-08|-06|-04[-02| 0 |[02]|04]|06]|08]| 1
y, | 0.05| 008 | 0.14 | 0.23 | 0.35 | 0.50 | 0.65 | 0.7 | 0.86 | 0.92 | 0.95

Syl a2 angl

sdal

AN Al (e dglladll Lngasdl N =11 slasdll clilul) 2ac
caalae dapl c¥alee aof Ll g

11 11 11 11 11
0 0 0 0
C(())E xi0+c1( )E xi1+cg)§ xi2+c£)§ X3 = > Yi
i=1 i=1 i=1 i=1 i=1

29



11 11 11 11 11
0 0 0 0
c(() )in1+cl( )inz +c£ )fo’+cé )fo' :Zyixi
i—1 i—1 i—1 = i1
11 11 11 11 11
0 0 0 0
cé )2xi2+cl( )in3+cg )ZXi"’+c§ )in5 :Zyixi2
i1 i-1 i—1 i—1 i—1
11 11 11 11 11
0 0 0 0
c(() )in3+c1( )in“+cg )in‘r’+c§ )fo =Zyixi3
i=1 i=1 i=1 i=1 i=1

:@A\_A‘d\ 028 (e JS daad 2a gl

11 11 11
dxt =11 NG E0 D xt =44
i=1 i=1 i=1

i=1

11 11 11
> x}=0 D¢ =3.1828 > X7 =0
i=1 i=1

11 11 11

3 X8 = 2.6259 D VX =55 D Vi =2.28
i-1 i=1 i-1

iyi i2 =220 iyi |3 =1.5226

i=1 i=1

s aleal) dlas & gl
1) +c? ) +cV@.4)+cV0) =55

el 0)+c(%(4.4)+c{”(0)+c{” (3.1328) = 2.28
cl®(a.4)+c{90)+c{” (3.1328) +c{% (0) = 2.2
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Laguerre Polynomials
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(66) Toa ()= 2XT, () -T,4(x) ; n=1

e Ll cliagas A o R dlindS ol e dyanl) 0%e
P Al dhsall Al alasiul,
T, (x)=cos(arccos(x )) =1
T, (x) = cos(larccos(x)) = x
T, (X) = 2xT, (X) - Ty (x) = 2x* -1
T, (X) = 2xT, (X) - T, (x) = 4x° — 3x

T,(X)=2xT,(X)- T, (x) =8x* —8x* +1
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2" g Chadnads Fagaa b dags LSl dales o) g
Do Candindd clagasd L?_'ml:\_}j\ POV

f(x)=1

f(x)=x
f(x)=2x"2-1
f(x)=4x"3-3x
f(x)=8x"4-8x"2+1

15 J<a

S 326 1 Ayl e (gal) oyl g Ausgan
#(x) =0 )+l )+ .07 (x)

(42) 300 5 ¢l o0 cin

: (5) Aty

Jadl e Uavw fpa n W n21 da)al) e T (X) chnding Lagas ()

61



bl xe [-1,1]

= 2k -1
(67) X =CO{ o zj  vk=12,...n
rhalail) aie dilhell Ladll eaal) l@iad A5 T (x) <lld o0 il
k
Xy =cos| —rx | ; vk =12,..,
(68) X cos(n ﬂj n
3 (éi
L 8 k
(69) Tn (Xk ):(—1)

1((9) (il Jalaal) pinly Chadkipnds cilasgin el

Cardignds Shasas e w8 Al cbagaad)l ooy T (X) Solb Led S
taiag 2" )l Jaledll e T, (X) aneey

T, (x) =1
(70) T,(0= %TH (x) ; n>1
(72) 7,00 =xT,00- 27 ()
(72) T, (X) = xT. (x)—%fn_l(x) Cnx2

feall dalaall sy Caadinds Glagaad Sl aw)lls
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f(x)=1

f(x)=x

f(x)=x"2 - (1/2)

f(x)=x"3 - (3/4)(x)
f(x)=(xM) - (x"2) +(1/8)

16 J<al

o T, (%) sl of iy 130 T, () clieline o2 T, (x) of Lass
JPLY «T,(X) JU&AT Laj

- 2k -1
(73) xk=co{ - nj wVk=12...n
bl vie T (x) J calaal) dail) o) WS
k
X} =CO0S| — : Vk =1,2,...,n
(74) k (n 72')
k
-, -1
(75) Ty (i) = O
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O mail) Jalaall doanly Ciliagaall ases dogana () S [T, oS0
oo T,(%) Ler ot aa Lala Lala 1) d5Ld) Al (5355 . n sl
L) daa el & LS TT Aeganall sliac] 3l

: (6) A e

4l Aalall aiam n 21 s T (X) @lagaall

p, (x)

. p, () eI, <l Ui elly,

1

(76) =

=maX_,.,4

Tn (XX < max —1<x<1

bl Wt jura 3 Lgalatiad 3lSaly Caadinds lagas daaal (1S

celangy)
15)SY3
LS (et [a,b] Jadd) Ao @il ddph 0 dspall (e elafin] dpagoa
b

P, (X)=Ly(X) f (%) + L (X)f(x)+...+ L, (x)F(x,)
FEN
cgbaal 2l f eC™-1A] 5 [-1,1] sl (e Blda dalas XX, X
s 5 WS

Lo =[], (X J') :0,j=04,...n

2 (7) daya
Sty [-1,1] Jlaall (e ditiaall Balail) e de gana{Xy, X ,m X, b oS
rCuny E(x) €] -1 2 dag xe[-11] cul€ U Mxie f e C™[-11]
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) 0Py 00 =) (x-x)
E= max—]s><g1| f(x)-p, (X)|

1 e
E<—gmax_ . f - (f(X)X maxfﬁxﬂKX —Xo ) : -(X — X X

(n—1)

c bV elina) dgas p () Cus
L) Gaes (e Y Wadll jieai s Gl E(X) e a8 ang Y add Baads
(X=X ) X=X, )| SN2all il @lldg [-1] Jlaall o X0y, X, Ll
) e eatl) Jalaall danlg daagan o8 (X=X, )X = %) O Lo
:ladie (Ko Lo il (55 Lgild N+l

(x =% ). x=%,)=T,.,(x
OS5 Larie 5<a Lyl 050 max (X=X ) (x =X, )| lakal) 13)
@ k=0L..n Jal o (k+1loxe ) T, (x) Slial 2, Lol
PR X 0SS L

3 [2k+1 j
Y, /=IE0S pa
2n+2
O Ly
1 -
2_n =maX joq|Tha (XX
Py 12y |da
1 ~ .
o = MaX (x=% ). (x=%,..)
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< max—xxleX —Xp ) : -(X =X, ]

P osS Jullg
(78) Ml 100 P (0] < g gy M ] £ )
:(11) b

Jadl e f (x) =sinzx gl A0l Ayl e il Loagan
Syl Uadl) dad 8 s ol aladials 5 [-1,1]
s Jall
AN (e Aglhaall 4ngaalld n =2 o Las
P,(X) =Ly (X)F(x,)+ L, (X)f(x)+L,(x)f(x,)

ck=012¢us x, Llall asgil

xk:co{2k+1ﬂ) - k=04 2
2n+2

)8

k:0:>x0:cos(—
6

k=2:>X2:COS(5—”J:£
6 2
: Al
3 B
Xg=— , X;=0, Xo=——
0= 1 2 5
o)) LS
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o) LS

P, (X) = Lo () F (%) + L () F (%) + L, 0)F(x,)
g 2Bl =42
p2(x)_[3x - 3 XJ(O.4086)+( 3 X +1j(0)

+{2 2 3

—X—— -0.4086
2, 3xj< )

=0.4718106x

t Syl Wil
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1
max_g< <iff (X)=P2(x)|<—

sin®(&(x))
sin(x)- p,(x) < - (8)=

24

maX_,_, sin (X)_ P, (XM < 2_];1 max ;.4

max —1<x<1

Wk

Pl sl GsSag

10}

=10

17 J<a)
W cpw LS [a, b] Jaall () [-1,1] Jaall e xg bl Jugas (<
Sl Jal)
:(12) Jls
Jladl (e f (x)=xe® aalall ZAE Ladll e elaia¥) Lagan aaf
g laal a3iul 5 [0, 15]
s Al
KA e Aoglhadl) ngaallé 0 =3 o L
P2(x) =Lo(x)f (xg) + Ly (x)f (x1)+ Lo (X)f (x2) +L3(x)f (x3)
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Po(x)=Lo(x)0+ Ll(x)(0.5e0'5)+ Ly(x)(e)+ |_3(x)(1.5e1-5)

2o Gblead) ¢lals
Lo(x) =1.3333x> +4.0000x? -3.6667x+ 1,
Ly (x) =4.0000x> +10.000x? +6.0000X,
L, (x) = 4.0000x° + 8.000x?-3.0000x ,
La(x) =1.3333x>- 2.000x2+0.66667x ,

:‘;Jtdlgj
p3(x ) =1.3875x>+0.057570x% +1.2730 .

.k =0,1,2,3¢us x, Ll aag
2k +1

Xk =cos( ﬂj ; k=0,123

k=0=xq= cos(%) =0.92388,
k =1=>x =0.38268,

57
k=2=x,= cos(?j =-0.3826,

k=3=>x3= cos(%[) =-0.92388,

asaills s [0,15] Jaall dal (e 5 ¢[-11] sl JaY Jlens¥) o2a
: Sl

-
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X :%[(b ~a)xy +(b+a)]

:%[(I.S—O)Xk +(15+0) ]

= 0.75 +0.75x
Al
Xo=144291, X;=1.03701, X,=0.46299,%5 =0.05709
ol LS
Lo(x)=1.8142x3 - 2.8249x> +1.0264x — 0.049728,
Ly (x ) =—4.3799x> +8.5977x® —3.4026x —0.16705,
Lo (x)=4.3799x3 ~11.112x2+7.1738x — 0.37415,
L (x ) =1.8142x® —5.3390x%+4.7976x —1.2568,
Aty
P3(x ) =1.3811x>+0.04465x > +1.3031x —0.014352 .
PPl all G5
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1 1 1 1 1 1 1
0z 04 0 0z 10 12 14

18 J<all
da paradl ihh alag) 4 candinds Glagas e Lial salinay) O
Gl et lagaa oY @lldg A8l 1ies 5led J8 e il duagan
e Jae o sl g gn dalhaa) Aaalls alacs (5ra Lod
P KA e o dsall (e A)LaA) dngas i M Ll o el
p,(X)=a,x"+a _ x""+..+ax+a,
c Y e n—1 Al e duagass [-1,1] Jadd) e

OsS Cuna TT Ly e Py (X) LS 98 (g ydall g guagall
maxflsxﬂ| pn (X) - pnfl (X)

c oSar Lo aal
O ool Jalaall doasly doagas o (P (X)— g (X)) /an RN
P00 Al A yie s JUllg 0 daal
1
2n—1

max —1<x<1

Py (X) - pn—l(X)| =

: Ladic 3gluall (3RaTg
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(79) (pn (X)—Pppax ))/an =-l:n x)
5 -G UL RTORLIY
(80) Pn-1(X)=Ppn (X)_an-l:n (x)

sl may HLoaY) 13
|(pn (X)—pn—l(x))§

MaX_y<y <1|Pp (X) — P 1 (X)| =[an |max_;<y sl‘ A
n

2|

2n—1

(81) max—]sxsl

P, (X) ~ Poa (X)| i

1(13)Jte
Tagas dlaudys [1,1] Jlaall e Coidl 5 f(0) =e* tldl Ll Kl
bl dapall e hs! el

X2 3 X4
p4(x)—1+x+?+€+z
: 9o g UadY) s,
f(n+l)(é;(x) x L
IRn(X)IJ )
(n+1)!
:
£O(2(x)Nx3| [es™|xs
|R4(x)|=‘ €0 _| ‘g ° <0023

5 120 120
1< <D G
1AL daas AAIGL dsjall (e duagaal)
p:(x) = p, () —a,T,(X)
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x2 x2 xt 1, L, 1
=l+X+—+—+———| X —X"+=
2 6 24 24 8

05 g

|
X) — X)|<E£X=—<0.0053
1P, (X) — Ps (X)| = I

i UadY) Uad ae 5 138 pen uals (5SSl Uil
E = 0.0053+ 0.023 = 0.0283

P bl eyl

f(x)=e"x
f(x)=1+ x + (x"2)/2 + (x"3)/6 + (x"4)/24

19 J<al
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:Sipal) Undll oY) aal) pag5 3-1-3
Laal 4l myad ccandnnin cilagas aladiul Usey HAT e dag daiall &
b bl 8 WS ) € eladl Cundy caysill dadiite ye Adlpdall L) ians
Aalainall Lalail) vie Chandinds aolgi pladials Wikay o1 2o dalaiy (uyd (A
A8 e Jyeanll AU Lalal) axe apasg (Uadll e asl) dal agll

lasa

: (8) Rivlin's Theorem (yl&s 438 .0

¢ Cadi &4 s Py ogay——4 g «f eCla,b] oso—1
e | -Py :deglnf It =P|=En(f)s

|f =Pn |, <[2710g(n)+2]E;

ahatialy Syl Uadll jolany o1 Cavdnadn cilagas aladiuls Syl Uasl)
[2710g(n)+2] el Ly yine W3l dapal) e (3] Cliagan

(9) Jackson’s Theorem () guuSla 43 41a
FOB (Ol At yaal Lghd Gl il (aa

Gy log(n
<241, (-0 L)

-

T+l
WD sda (N —>00 Jal e Hiall s Casdinds @lbagasy Uadl) A W b
lasa duea 483 J;TQA&?)M\LGAS\ 22 Ul aasd
:(10)4da 0
(WYL i lie s fLf L) 5 f eC[-1,] o
1

P daie ‘Eiﬁﬁ‘“Hf (k)HJ ‘W (X):m 1= ||ooor|| ”23
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o
>k

Ea(f >S@k (M ))(n—k=+2) "~

w(f58)=supy s [f () =F (v )] o~

En(f)<w (f ;Lj

n+1
: (11)Timan’s Theorem (slasi 434 s
:dvie «f eCla,b] oSl
1883 P g aq

k
V1-x2 1JW{MM_1X2 1}

n n2

n n2

[f =P, (x )‘<ck[

:(12) sinwel and Runck Theorem &lily § Jagism YT
;e o f eC [—1,1] ol

1883 P dudgas dag

—x2 ‘ T W
|f P”(X)|<[ 1n +”_12J (Ej(nz)(n4).”.(n2k);n>k
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bl e qua 2-3
¢ Clgills bt dlatye 155 g, 1,0 €Clab] 5 of eClab] o

p (x)e[a,b] sl ANy g(x) @b oo Gl sa Al e il

:L;g [PXS
82 4
O gc0) =capm ) s (x s o ()= o
JBa
$(X,C0,C1,C2,C3) =Co +C€ 2 +¢, In(CsX ) +Cq (x 2 +1)
taad B(X,C) @b e da adll cojill ailie IS4G
2 N
1 ~¢C)] = minlf ol - min 2w ()=
(83) —minD2(cq.C,-Cn )

=N

8(D?
‘):\.'QQL\YJL’.AMA;(F]+1)‘5JCJ.AAAJ‘£C_)=O,]=O ..... n ‘ijﬂ\é:\.\k:\.\
J
oyl ey Alall e ad daie g . JiaY) ol €O Jaalaall dually dulaa
Lhall e
(oslall Juadll) GLBY) Giny g8 Adad pe cValas des s )
e (e alia Jasad ehal Jos O (Ser A @ilsill Gans Aaby (V) o shin
oha c¥alee dlea ) ddadll e el
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:(beax) JSal (o o iy quajil) 1-2-3

238 oy 0y {(Xy, V1), (Xg, Vo )yernenens L%, y,)) el bl Lad oSal
PSS (e ol il il
(84) y =be”
y = be® = InCy) = In(b) + ax
A jse )l aladinlig
Y =In(y)
B = In(b)
A=a
X =X
bl Ao Jians
Y = AX +B
bl dplalls Culill 4 Cawad ol Al 8
- glie 5l 5uS J le gl b ) sl Jal e Jalai i (S
(14)Jis

P pal) Undll Gl ) 8l s ) A llad) o8

X 1 1.25 1.50 1.75 2

Y; 5.10 5.79 6.53 7.45 8.46
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:all
cy =be® :JKAl e Agllaall Alall .0 =5 Blaxal) Gkl 2ae

“;M‘ agaall (g
Y =1In(y)
B =In(b)
A=a
X =X
tdlalaall Ao Jianid
Y=AX+B
, 1 2 3 4 5

Y, =

In(y,) | 1629 | 1756 | 1.876 | 2.008 | 2.135

:u‘sszlj

.0 (N +1)Syy —S4Sy

4 (N +1)Sxx —SxSx

(0) _ SxxSy —SyySx
L (N +1)Syx —SxSx
S, =3 L Su=3x S, =3y 5, -2
i-1 i=1 i-1 =]

FAtlly

5
S, =2 % =1+125+15+175+2=75

i=1
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5
Sy = Z x> =1+1.5625+2.25+3.625+4 =11.87
i-1

S,y = D%y =1.629+2.195+ 2.814 +3.514 + 4.27 =14.422

i
i=1

[$3]

S, =>y; =1.629+1.756 +1.876 + 2.008 + 2.135 = 9.404
i=1l
L(0) _ 5(14.422) — (7.5)(9.404)
0 5(11.875) — (7.5)(2)

=0.5056

.(0) _ (9.404)(11.875) - (7.5)(14.422) _

. 1.122
5(11.875) — (7.5)(2)
:‘L.\.Aj
A=a=0.5056
B=In(b)=1.122 = b =e""* =3.071
:g._uﬂ-ml\ c_)td\ g
y =f (x)=3.071¢ %-20%6x
t S yal) Uadlly

EL iz_nl:[yi —be® ]2

5 . W £
= Z[yi _3.071%5%6x ] . zdiz
i=1 i=1
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Y AXis (units)

i X; Yi f(x) d;
1 1 5.10 5.09475 0.00003
2 1.25 5.79 5.78136 0.00008
3 1.5 6.53 6.56041 0.00092
4 1.75 7.45 7.44464 0.00003
5 2 8.46 8.44793 0.00015
tdiag
E =0.00121
fbl) aesyll
93>
11
620
p &2
330
,&_56__
0_()0 ] T o Tl A A
0.0 0.4 0.7 11 15 18 2.2

X Axis (units)
14 Jall Cujail) aabilly il :20 J<a)
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(rreall ilasall L ylay) AAIN daal) (e dgan S abiy Cansil Liadl o
s Il 2L Tale sUasal) callad) i

y =0.21333x 3 —0.02286x 2 +1.93524x +2.97743
fobd) el (55

S =0.04428218
r=0.99995553

Y Axis (units)

090...,...,...,......
0.0 0.4 0.7 11 15 1.8 2.2

X AXxis (units)

Al e 3snn IS by gl e Jumdl ) il il o Baadls

Pl (|

:(bxa) JSA (e Beh by cu i) 2-2-3

21 ‘—‘:’JE‘ SO ‘{(Xl’ Y1) (Xas Y2 ) oo s (Xq s yn)} Blazall lilul) Ll o<l
PN (e B8 aaliy )

(85) f(x) =bx?
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: Sl gailly o5

= In(y) = In(b) +aln(x)
:64'4‘9:1‘5
B =In(b) A=a X =X
Taad
Y=AX+B
-Baliaal) Azplally Culdll e 4 Jeass Jad a0 a9
o aa Lld daglaa @ dad cilS 1)
DX
b _ =l
> K
i=1
:(15)Jtw
CF(X) = bx¥? ) ) Al bl (o8
i X; Yi
1 58 88
2 108 225
3 150 365
4 228 687
:dall
1) Lasg
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4
i=1
= 3327103.4640

4

y.x.? = (88)(58°2) + (225)(108°2) + (365) (150 2) + (687)(228°2)

D x? =(58%) +(108°) + (150%) + (228°) = 16682176

i
i=1

raas Jallg
_ 33271054640 _ 1 00ra0es
16682176
:(16)Jts
. (%) :%bxz aslil) ) Al bl s
i X; Yi
1 0.2 | 0.1960
2 0.4 | 0.7850
3 0.6 | 1.7665
4 0.8 | 3.1405
5 1.0 | 4.9075
1Al
i g
> 2
X
. Zly
"3
R



5

> yixZ2 =(0.1960)(0.2%) +(0.7850)(0.4°) + (1.7665)(0.6>)

i=1

+(3.1405)(0.8%) + (4.9075)

=7.6868

5

> x¢ =(0.2) +(0.4) +(0.6%) +(0.8*) + (1) =1.5664

i=1

5
%2
&’ 76808

ix-“  1.5664
1

2

b = (4.9073)(2) = 9.8164
f (X) = 4.9073x>

=4.9073
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Y AXxis (units)

S =0.00011603
r=1.00000000

0.2 0.4 0.6 0.7 0.9 1.1
X AXis (units)
16 Jall il s 5 clilad) 122 J<a

:6AT JISET e als ) qudall 3-2-3

(KA n ot ol I LSl ol iy gns (S

Y=AX+B
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: ‘?Jtd\ d}.l;j\ G)Jl«.nj

b3l e bl Jigaill 42yl eyl
y =be® Iny=Inb+ax Y=Iny,B=Inb,A=a,X =x
y = bx*® Iny=Inb+alnx Y=Ihy,B=Inb,A=a, X =x
y=b+— y:b+a[1j Y:y,B:b,A:a,X:l
X X
y=—2 1=XH+@ v=2p-2 a1 x-x
X+ a y b b y b b
- 1_ax+b Y=L B-bA-aXx=x
ax+b y v
y=alnx+b Y=y,B=b,A=a, X =Inx
1 1 1
= — =ax+b Y=—,B=b,A=a, X =X
(ax+b)’ Jy Jy
y =be* —ax In(%jzlnb—ax Y=In%,B=Inb,A=—a,X=x
(= -1 =Inb L
\ L n(;—)—n +ax Y =In(=-1),B=Inb,
1+be® , y
6}3,_‘,_,_,‘_,_,; A=a, X =X
y =acosx+Db Y =y,B=b,A=a, X =cosx
y=asinx+Db Y=y,B=b,A=a, X =sinx
3 Jsaall
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o

e r
LB
-
~
w
[ o
[

Y=B+2 az3,8=4 | Y= £ PEEN EX Y= 50728=13

2 s ] 3 o [,
. . /
Y= axi vas, 8= | VY= atafs) 18,822, 8= | Y=atafz)+8, 4=2,8= 2

25
o

4 20
10

3 P 15
[

2 1o}
3 Pt : ) ) il .







QUL

(1,2,3) Al e c(griaall cilanyall Al aasiuly asaall 5, 6 angl-1
Pl bl cais Al

n a = = N B 5
X, o 0.25 0.5 0.75 1.00

y. 1.0000 1.2840 1.6487 2.1170 2.7183
(1,2,3) dsudll (e cgpall lanyall dinla aladiuly 353l 5) 58S 152
Glahaall oy Als JS 8 B Uil ool o5 Al Ul qayss s

Lgaall <)y i€y
x; 1.0 1.1 Ll3a3115 19 }§21
y, 1.84 196 221 245 294 3.8
(1,2,3) Al o c(grraall ilanpall Al alasiuly sgaal) 5,5 ang-3
Glabaall oy s JS 8 B Uil ool o5 A0 Ul oy g
Lgaall )y i€,
X e @15 O0'S=="0.5 0.6 0.75
y, 10 1004 1.031 1.117 1.223 1.422
s Al Cilblaed) Lol K04
X, 40 42 45 47 51
y, 10256 11318 13011 142.05 167.53

x; 55 59 63 68 71
y; 19514 22487 25673 29950 326.72
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Y1 Al e (prall clasgal) Ak aladial agaal) 5,8 il
sl s
L) syl e raeal) Slany) Ayl Aladialy agaall 5,0 ; a3l —o
sl
AN Ayl (e Sraaall Clasyall Aanh aladials spaal) 5,8 &l —o
sl s
be™  J<all cld (grall cilasyall danyh aladiuly dgaal) 5,8€ ;a3 —&
sl s
be? J<all @l gyl eyl Ak aladiul dgaal) 5,8 ol —
sl el
il Ao f (x) alall hasd) eyl yiaal gan 8,88 Cilujs ansh-5
s A Jilsd) e JST5sSaall
f (x)=x%[0,2], (< f (x)=x%+3x +2,[0,1] (I

f (x)=e*,[0,2], ( f (x):Xi,[l,3]; (z
f(x)=xInx,[13] (5 f (x):%cosx +%sin2x,[0,1]; (»

lsll Ll daal) (e (grreall ilasyall dish aladiuls dgaal) 8,5€ g6
- el Y lad) e(B) cppall )l

Sriall Clanyall Ayl aladiuly badl) (gl 353al) 8,8 (o angh-7
el wlsll [-11] Jlaad e

f(x)=x° (« f(x)=x*-2x+3 (I
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f(x)=e* (s f(x)= (z

x+2

f(x)=In(x +2) (s f(x)=%cosx +:—1gsin2x (»

(7 56 5 B)owlall wluyl e il B adl) cueal-8
aaleiall gy (X ), (X ), 6o (X ), 5(X) 053 ipadimalye ddyka paai -9
[13] (= [0,2] (< [0,] (i sl culally

*y EEN Ll’LZ’L g_]l ] L"\\\A o eL\ & 4 B\‘)L e\'\"\ o —10
s gl Aeally(0,00) Aesaaleio dgan clyiS Aegann{Ly, Ly, Ly, Ly}

oda e dailll dgaall i e Ly(x) =1 ¢y W (X) =7
e 293 IS da k)

Ayl 2aaiuly 5 (10) o) 8 Augundd) 52 3gan SES padial —11
200, 40l), ¥ dsal) (e (graall 3gaall GhES Gluad (il Gl yal
B algil) dal e W (X) =7 0yl sl 4eilly(0,00) 353l e

f(x)=e?(w f(x)=x?(
M= oa f(x)=x°(z

Go(x) = \/—(/ﬁl() [\/;jcosx A (X)= (\/;Jcosnx
[ e 0= o
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il gyl st L) W (X ) =1 Al [—7, 7] e saalaia

(Sl Jaseal cos(MX £ nX ), SiN(MX £ NX ) 2 ¢pialaiall
alill Al Ayl e el dgas 8,8 sl T, laal aadna) 13

s Al sl
f (x)=sinx (< f(x)=e*(I
f(x)=x*( f (x)=In(x +2)(z

e (13) gl 8 il Ll aliel) eVl 2 all 2 a4 —14
[-11] S

sl LA Lyl e slatiad 3g0m 550€ LLaN T, il padind —15
(13) el

Oo sliiin) 3g0n 8,8 €l aaall Jlaall cDlsaty Ty lieal aladiul —16
0l o gall Al sl

f(x)=e*,[02] (< f (x):xl,[l,s]; (
f(x)=xInx,[13] (5 f (x)=%cosx +%sin2x,[0,1]; (=

c Syl Uaall el oY) aal) aagl
Al (33 T (X)) et 350 B3 S (f 0 =17

J‘ T (X)]
\/7 2
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Pl Chadiandt w2l —18
(L& YY) laal) f (x) =™ ())

(L JilsY) DN 3g0al) (X ) =COSX ()

(dad Jalg¥) deap¥) a9aal) f (X)) =sinX (z)
(Lot J313Y) dwedd) 3g0all) F (x) =€" (9)

A alll Al dspal) e Juilagl s aag) =19
f(x)=e™,[02] (= f () =In(1+x*),[-11]; (

f (x)=cos(zx),[-11]; (& f (x)=sin(zx ),[01]; (z

£ (x) =bx 3l ) A el s -20

i X; Yi

1 0.2 0.1960
2 0.4 0.7850
3 0.6 1.7665
4 0.8 3.1405
5 1.0 4.9075
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S Juadt)
dglaal) e alaal) Aleal gamal) Jall

Numerical Solution System of Linear Equations

-”

dadis -1
Lalyll aglall 3 las dagall Cilesmsall (o Lhadll ¥V alaall Joa a2

Lgals AUl alslall adane s die 550 LeisSh elldy edgilhll 5 dpuniglly

b daa Lee slalall o el alaial Jasll 028 Jsla ala) gsange JU 284

Joaill 138 3 Gapiains Gllaly 4aa) le 8 1l Jeall oda Ja 33)0

Aghall c¥oledl Jea dat dasdiid) Bhhll jedl (s

Lhadll eV oleal) dlea Lual 45

A Xq + Xy Feeeees +ay X, =b;
(1) Ay Xy FBgX g teeee- +a,, X, =b,
Ay Xy A Xy e +a,,X, =b,
:L}Jlﬂ\ eﬁjs.m.d\ JED (885 Alaad) sda 41K sale) Sy L",,_"d\j
(2) AX =b
TN
Xy b, ap, ap,
(3) = 9 b= 9 2 eM n (R)
Xn bn anl a'nn
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Fealyy b -2

t(1) iy as

s s det(A) =0 0\S 13 33L& L) A e M (R)dshaadl) o J&

2
AT G

A=AT

.det(A) =0 oS 13} 5aL%

:(2)&5.\&):.3
O 13 3lLEa L) AeM | (R)4Asiad) e J&
A dagiiadl Jsie
:(3)&.\&)’3
O8 1Y) dgaaly LS A eM (R)Asiadl e Ji
B T
A PRy
Ay b Bale W ans
:(4)&5.\*)3.3
OIS 13 Apkd L3 A eM | (R)4dsiadl oo J&
8;=0 i=]

S8 13 e Llta 1) A €M (R) dsiad) oo JE

g; =0 >
U Salbbale e Jans
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Diagonally

(10)

:(1)‘513.4

2 1 3
Uu=|0 4 5
0 0 -3
(6)&.0.1)’."1
S 1Y i A L A e M| (R) dsiad oo J
3 =0 <
L 3aolb b e
:(2)‘51’.'\.4
2%0 0
L=(1 4 O
4 2 1
:(7)&4*)3.3

Lk s L) AeM, (R)dsiad ge JUE
oS 13 Dominant
n
‘aij‘ZZ‘aij‘ i =3

1(8) iyl

Strictly Diagonally Lalas Ll §hasusa ¢l A €M (R ) dsindll (e JI&

(11)

oS 13} Dominant

1...n

n
s> 2]
j=1

1#]
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(13)

:(3)‘513.4

O sl sl (S
7 2 0 6 4 -3
A=3 5 -1 K B=(4 -2 O
0 5 -6 -3 0 1
Tlold lanse G shead) 5l (e
:Jal)
1O Gaad A ddsiadl ()
7> 12/ +[0]
51> (3|1
[-6|>[0]+9

Lol Ukt 5ykanee A diag
16] % [4]+|-3| &Y B 48 shadll dually W
Lol Lk 5 ylape cod B 033)

(9)&-&)!3
(Positive definite)lyla 4dma L) A eM | (R)dbsiadll (e JiE)
ralg 1)
ag,lals (1
X #0gled IS5 0 JS dal e @lliy xTAX >0 OIS 13 (2
:(4)JGa
Lola) 4 e 4000 48 ginall G cagl
2 -1 0
A=-1 2 -1
0 -1 2
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:dal
CA=AT Gl e (1
0#x eM,,(R) & sy (2

XxTAX =(X; X, Xg)|-1 2 -1{ x,
0 -1 2 )(X;
=(Xy Xy Xg)| Xy +2X,—Xg

=x 2+ (X1 =X, ) + (X, =x5)  +x2 >0

X=X =X =0 Sk
(1):\.\5).\.4
Yot Lylay) dipea Aigias AcM (R) st

Ll AL A (1

Lol dnge iVl kil palic puen (2
1(2) 4y
@l 33E e JUY) dgiiae i€ 13 gy dsase AX =b dleall Ja ()
.det(A)=0
:(10) iy s
tAlalaal) 38a3 Al A ad degens e cAeM | (R) g

AX =Ax ;x #0

Matrix A ddgiuaal) cigh o A idiiadll 485l Eigenvalues 451Al1 adlly
Aasll (3-4)5all Eigenvector (i) gladlly x ¢ la&ll iy « Spectrum
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LA As

:aaaNa
O8I g e da AX =X ;X 20 Aoladdl aa g

det(A-41)=0

Bjsaall agaal 5, 8C o A dbgiaall §3raal) Alalaally 5,0aY) shLical) oh
A Aghiad) s n Cus P(A) 2\ ans A Adghaall
t(11) s
all i cAeM (R) s

p(A)=max{|d|; Ax =ax ;x =0}
- A A giadll spectral radius Aual) jhdl) ciualy
:(5)Jka
dasiiaall 3hraall 2gaal) 5,58 an

23
2 1

(A dgiadl gl il Caiaty 35030 AxiY 1y A0IA) 4l cpe &
:Jall
)
1-2

(4-2)(1-2)+2=0(1-3)(4-2)=0
A Agiadll Zaeal) 4510 Akl desana & {2,3) Gl 4dey
Al & pages A J el A0 dasY) Sy

4-)
P2(x)=det(A—/1I):O<:>‘ ’ ‘:o@

AX = AX
:LST

=
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4 -1)\(x, _ Xy
2 1 ){x, X,
(4—2)x;—x,=0
2x; +(1-4)x, =0
tO an 5pa¥ ADall 3 1=2 (e

2x1—x2=0}

iy
=X ==X

i

o) X, Y gl
A1 il Balsall A g et G adde SLig x, =% sS X, =1 Uk
Gilgall 51 g et 5 a8 o W ailiie oglulig ox =(1 2) 58 4=2
X =(1 1) sa A=3480 daal
A i ghadll il i Chal (V) 2ag)

p(A)=max{|2]; Ax =ax ;x #0}=max{2,3}=3
3 (3) (Theorem Gerschgorin's) y ) gadua PETYI

se gl dal e Baie AeM | (R)&apall ddsiadll 2503 dad 1 oSl

e

(15) a5 —2|< k;\aik\
k#j

-

n

oeh—8 A _coane i IS j SN s dj :z‘ajk‘ B
k=1
k]

- O s u"‘)ﬁt Dj (ajj,dj) ;1Sj =n
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:(6)Jta

Ashaall Ablsal) Oyysidin Gl 2

ey )
A=|1/2 5 1
1/2 1 1
:Jall
3
a; =0=ay; —4|< D |y |=1 = D,(0.,1)
k=2
3 3 3
a22:5:>|a22—/1|32|a2k|=E:>D2 5,5
k=1
k #2
2 3 3
a33:1:>|a33_/1|SZ|a3k|:E:> 2P
k=1
:4d5a

teganall s A Astiad) Caa G Glually aas L) Jlal b
{4, =-0.209, A, =5.305, 4, = 0.904}
& Jaad
A4, A3€D; D3, 4, €D,
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P(B3aal) Gy gdinn) (4)4d8 )0
AP ardl) asen oy A Aryye Adsiiad oysodia (el aladl )
L8 giaall 53] 438) gl

:(7)Jba

148 g6 nall 438 5all 450 aill lef lax aaf
Pl ()
1 4 -1 0
“lof-\ 2
of 031 2

:Jal)

Gl aen sl Gl8 sanaal) Gaygindin Aidjae s

n
d;)=<Jay —4|<d; ;d; Ile‘ajk‘/\j:].,...,n
#]

D (ay,

~x

A5 al) paen s o g
n=4

j:1’4:>|2_]“|£1 :>D1(O’1)
agle s Aa A0 ail caen (8 AL A G Lo
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/\ D,uD,=D,=D,(2,2)
U AeD,=0<1<4

A il el A 4 =4 3l agle
hsh lly A Ashaall a0l gl andl) Claay I e 3aa S0y
s <Al

{/, =3.618, 1, = 2.618, 4, =1.382, 1, =0.382}
183N
Ay e aelus Jalls 46030 sl Ulall asaall slay) 85,8y dinjadll 2
pishall JhdY Ciall 1oV aal)
(Bl pild) (12)cdy s
Gkl 43l g L ki (i)

H:R" =>R* =[0,+[

A Ja gy G3aay (o)
Ix[>0 if x=0 .1
x|=0 < x=0 .2
[exl=lellx] -3
[x+y l=<lx|+ly] -4
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el alllas o AL
t/y sl Adllaal) dadll ardas (1

n
[ ||1=Z;4|Xi|
i=
0, G B (2
)2
b= S
i=

l, st max I sk (3

[l = max [x;]

0<i<n
:(8)Jtia
L[ 2t X = (4,4, - 4,4)" g Lkl Ld o iy
: sl

4
||X||1:;|Xi|:16
i=

d 2
”an = ;|Xi| =8

[, =max{|x;[} =4

1<i<4
(Raghaan ) (13)odss
[:M frn (R) > R =[0, 4]
rll Jag pal) sy (o)
|Al>0 if A=0 .1
[eAl=Fkllal -2
|A+B[<[Al-]B] -3
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:aaaNa
(Consistency property) clulall duald (3ia) 4 ioadl alai ol G
|A-B<[A[[B] vA,BeM;,R)
(Frobenius) auai sl 4 siiad cauliy) adail (1
s g 12
F(A)=| X |

i,j=1

(Subordinate norms) isiad Uik 4l Ll (2

|Al, = ylax Z|aik |
AL, = oA 14 <A(A7.A)
AL, =max Y|
Aaspadl Al LA, A, cua:(9)JEa
1 1 -1
N
-2 1 1
:Jal)
3
”A”l = mjaxz‘aij ‘ =LTjas)f(3;‘aij ‘ = maX{4, 4,4} =4
Al = ymax{|z ]} 4 ea(AT.A)
1 1 -2
AT LA T4,
-1 -2 1
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4, =0.0616
det(AAT =41 )=0 < {4, =5.0256

2, =12.9128
:4_.\.40‘9
|A], = fm_ax{ui I} = J12.9128 ~ 3.5934
1
3
IA], = max Z‘aij ‘ = max Z{‘a‘j ‘ =max{3,5,4} =5

j ==

(S)LAJM

(n e bt [ Sum p(A) <[A] Hisie Happe Hisima A G
Adgiiaall adal Golat dayye A shiadd 3000 Aad g Y SloA disiiad

(6):\.\@.\.4
Liig 13 S |A] <1 QS 13 im A" =0 ddie dxype dgiian A )iy
N—o0
.p(A)<113)

:(Condition number of matrix) 43siuaal Jaydd) aanl)(14)ciy o

o oS 43 gl sl e UaaY Tas dslia dadll c¥alaall Jan (inns
o8 Aleall seni cdlaall jualic (mey s die Lola dilie Jsla e Joons
<il€ 1Y) L ddy2al (ill-condition system) dcaypall dlaally sl s3a Jia
) A gaal oyl aaally e Lo e adiad lild Y A diaye Lo dles
fsl LS el 13a Cages
A daall Cijas Mxie (det(A)#0) calall AL, daype dsiian A (i
Al e dagiiadll s3]

cond (A)= ||A||H AT H

A il e Ciige il ] Eas
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(7):\.\AJ.\A
Liia caipe e dai ||| oS5 det(A)#0 Eimy AeM, (R) sari
cond (A)=cond (A‘l) (1
cond (¢A)=acond (A) (2
cond (I,)=1 (3
cond (A)>0 (4
(3l dlaally Ay al) MA@J\)(15);LJJ
:¥xie det(A)#0 Eua Ax =b Ladll ¥ olaall Alea il 43
oS gl ddgaaal Jayall axell (IS 13 Aidagya L) dleall s2a e W @
PRI R EP N 2l 2l K1Y well Baa L) daall oda (e Jl& o
RIWERSF I
;4500
Alaall ()5S @lld G cond (A) =1 LS 13 sam Aleal) ias La Lille
s ol L, 2,
:(10)Jta
i ghoal) Ll (Sl (Cufia )0) £ > 0 sy

1 1+¢
A:
(1—5 1 ]
s stlaalls

RT e, adildall AT aal (1
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Oocde 1A dshead] Bl Japdl saall ol s oaagl (2

.£<0.01
:Jal)
(1
A’lzi 1 -l-¢
&\ -1+e¢ 1
2
||A||w=miaXZj:\au\=]r2ing;\a”\=max{2+g,2—g}=2+g
A7, = (2+e)
ale g
cond (1) <[], | 47,
- 2+¢ : 2\
=(2 2(2+¢&)= (145
(2+¢&)e(2+¢) ( . ] [14.8)
(2
5 2
g£0.01:>(—+1j > 4041
£
ade

cond,, (A)>4041
sl G gl o arks 385 A I oyl aaall ol an 4041 (45, el
Ampye lllial disiias A 6S5 J Alealls Lo S )
:(11)Ja
t AL axh naeall (e Copilia ddghiaa G Cuale 1)
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1 1 1 1
2 3 n
1 1 1 1
H, = 2 3 4 n+1
N Ut § 1
n n+l n+2 2n -1
cHy dal e ol asll aaf
:Jall
; 111
2 3 4
g 1@ 1
|_|4=2345
1111
3 4 5 6
1111
4 5 6 7

b e 2y [H,Y| =13620 ||H4||w=§ O s olually
o Aleall (s s Laass 50 oyl saall &) lcond,, (H ) = 28000
e H, Wb ddgias
:igbal) el Jaa Ja ik -3
fled (pend 8 Apladll cValeall Jes o deasid) Gihlll gaai
Hleie Glapring 3yilaall @hhll L1

L) usle dayh 1.1

Ol ougle dayla 2.1

Lo Guptins Sl il 3.1

eoall Sl 4 . 1.3.1
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cendl el S5 A 2.3,
i prin s LU 3 4.1
Gy S Ayl L 1.4.1
LJulgn 4yl 2,401
Sl gl A3k 3,41
Hlete Gapming dphsill @)kl .2
csSla Ayl 1.2
s ugle dayyha.2.2
.S.O.R 4iyL.3.2
LGibhll 2 b Led Jiadi
:4adl) ey aleal) Laa Jad 5ydleal) gkl -1-3
det(A) 0 Eia AX =b dodadll c¥aleall dlen Lyl a8l iy
sl (Apphd ddshias JEaY) disiiad A=D culs 1y (1
all 0 0

0 a
A 22
0 0 oA,
ISl dlaad) da lax) Mivie
b, {k =1...,N
Xy =—
Ay a, =0

sl (i AdiEe 3 ghan JEAY) dbghas) A=L cul 13 (2
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IS Alaal) Ja el Noie

b
a1
b, - a.x
17
X _ J-Zl {k :2,...,n
k — {)
Ay a =0

el Adliial) ciliiay gailly 45y lal) oda i

1ol (Lle 4difie ddsiins JUY) ddghins) A=U i 1Y (3

Q1 dp Gy

a a
AL .21 22

0 0 ann

: IS Aleall Ja laal Hivie

Agmaldl) Allinal) ciliday il day Ll s3a i

(M) Laal) (ugle 4830 -1-1-3

A ) edugattly <Al e dgyylall sda (et o) Jd LAY

148 gduaal 414Y) (3.3.:3»1\)
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-aRj

@l il gl ¥ Lo 2y g 2ay JAT Sl ) Sl asf dils) .3
Gosle Ayyla 56 det(A) %0 Eus AX =b Ahall ciValed) dlea Ll o3l
A clpladll e (X alay) ) Alesd) oda Ja Livsdl)

Aigiadl oda I Culdll dgee ALl @lldy A JEY) ddhias qus (1

Aefa i) \"

il dgae b (JEY) dighiae A G
@iy e 4fbie digias ) A Aegal disiadl e | ejall s (2
Aasinly @llyy Dlaal A D il lill cmd A pealiall Jesy

a+0

A Al Uy sacil
£ j=i+1...,n
R; j—a%Ri 30 =12 -1
; a; 20

S (o A gl TlSa ol Al pall Ashaall Llia 3 ()5S el

' ’ ' . '

Rl ap 4 a, : QY ne1
’ ' 2 '

0 ay X By, : i
' : '

0 amn - An n+1

(Alb)—2= (U |C)
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raaid dea Al AL Ciliay i) Ayl aladinly Zaslill Aleadl a5 (3

. barm
an,n
ai,i "lai #0
:(12)JGa
el Gegle dapyh alaainly 45V c¥oledl das da
&l
X;i—Xo4+2X3=X,=-8
2X;1 —2X 5 +3X 43 —3X, =-20
Xi+Xy+Xg3=-2
X1 =X, +4X;+3X, =4
-2
X;+X, +X3=4
2X;+2X, +X5=4
X1 +X,+2X5;=6
-3
X;+X,+Xg3=4
2X,;+2X, +X53 =06
X1 +X,+2X5 =6
:Jall
-1
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-
I

>
Il

1 -1 2 -1 -8
R, >R, 2R,
2 -2 3 -3 =20
R, >Ry —R,
1 1 1 0 -2 R. SR._R
1 -1 4 3 1 4 et
1 -1 2 -1 : -8
0 0 -1 -1 : -4 R, &R,
0 2 -1 1 : 6 R, >R, +2R,
0 %D N2 4% 12
1 -1 2 -1 : -8
o 2 -1 1 : 6
0O 0 -1 -1 -4
O 0 0 2 4
:aanlll ddaalla
2X,=4=>X,=2
Xg+X,=4=>X3=4-X,=2=>X3=2
2X, —X3+X,=6=>X,=3
X1 =Xy +2X3 =X, =—8=>X,; =7
daall I aiag
X =(-7 3 22
r /4
Al
> I 4 R, >R,-2R
2 21 % 4 F:%RZ_Rl
i i /P I ° < T J
1 1 1 4
0 0 -1 -4
0O 0 1 2
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At ase A leall 3 Jiniaee 134 C{X3=2
.Jal

X1 +X,+X5=4

-3
:Jall
1 11 4
i R, >R, -2R,
A=12 2 1 6 R R._R
% il
112 : 6 A
1 1 4
0 -1 -2
0 0 1 2
:MA)
X, Cua X, =2-X; Gl ades {—x3:—2
ey are Alaall ) (gLl Xg=2

Jslall (e X;+X,+X5=4
:MM\ uujlé aluh ZSJLAA
ndal e /340 o3a als Eua gyl o3g] Allal) dpluall 22K (1

lansps
@il Sl pualie sl 6% Lasie ale IS8 Lkt S Y (2
e
asl) ¢ adY Alle Lpulua (e b3 (3
:dlaada

Dbl i salels st Lild iaall Lglus aill Hhill jealie asf oIS 13
sadl 8 ey jpall dglane e iyl il jualic apen doas G
sl Gugle Gulay
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:(13)Jka
Aenall usle Aaylay 40Y) e alad) dlea Ja
8X, +2X 5 =~7
X, +5X,+3x3=8
6X, +2X, +8x5 =26

:Jall
- ) -7
A=l3 5 2 8
6 2 8 26

a5l IS Diunall pusle Gl S Y 43l 8, =0 ey
e Jaans Ll adde s U5 ISV Giylad) o Jslis 6l Ry >R dusadl

LSS 4 giad)
3 5 2 8
A-l0 8 2 = R, >R3-2R,
6 2 8 26
5 2 8
A~l0 8 2 = R, >R, +R,
0 -8 4 10
<] & 7 8
A~l0 8 2 a7
0 0 6 3

PJSAIL Aleal) maas el
X, +5X, +2X;=8=Xx, =4
BX, +2X3=—T=X,=-1
6Xx3=3=x5;=0.5
5 Aeall da )
X =(4 -1 05)
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O gl A8k -2-1-3
asti det(A)#0&a AX =b Adadll cValaall dlea Uil a3 o )ay
Al clglaall e dleallods Ja aladY Olaysa ousle diph
JEaY 4 shns panssi (1

Aea o)

gl dgae b oJBY) Adgas A Gua
Gy dyyhad Adghan ) A drasal Agiadl (e | eiall Jeai (2
Ay Daal AL will JhEll cad A jaliall Jesy @
A Al D gl asiuly

g j=i+1...,n
R; ©R; ——R;, ji=12..,n-1
a.
p a; #0

Qs Blaal A il kil G ) jealiall Jeay e
A g yland) DL sl alasialy

j=21...i-0
R](_)RJ __RI y J:1,2,...,|_1
" a; #0

(A|b)—Camdn_(y |c)
il ALl Jas (3
:(14) Jlia
D esle &yl V) eV sleal Al U
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X -y +4z =16

3X +2y +z =18
X +4y -2z =12
:Jall
laesl 4, Rl
~ . R, >R, -3R;
A=3 2 1 : 18
. R; > R;—-R;
1 4 2 : 12
AP
1 -1 4 § 416
A~ 0 5 -11 : =30 R, >R;—R,
@ 5 -6 J: X4
1 Y 16 R, >R, +IR,
Aid o 5 30 45
06 0 J5 26 R, - Rl—gR3
1 -1 %0 L 45
A~ 0 5 0 . 275 R1—>Rl+%R2
0% 0 5 © 26
™ Oy O © o 0.64
5 0 : 275
G Yg0 ™ 5 C 26
Aaall to Jiaas @llyyg
x =0.64

5y =27.5=y =5.44
52 =26=1z =5.2
tO ugle Al h (sgbas
oda )5S VI Layyn Y Al Tas lal) dyloall 24N 45,500 038 tosloe )yl
BLE e Abgiiae pasSae dlagl o Tan aS IR Liae L 3yl
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:Pivoting Strategies J<ijad) culyisd -3-1-3
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z,=x,+e* =0.2+e? =1.018731
z,=%,+e7 =0.3+e"¥ =10.40818
p AU Al Jean e Juand 1%

n Yo Z,.1 Error = |yn+l - Zn+1|
0 1 1 0.00000
1 1.01 1.04837 0.03837
2 1.029 1.048731 0.0217631
3 1.016100 1.040818 0.024718
4 1.90490 1.070320 0.16542
5 1.131441 1.06531 0.066131
6 1.78297 1.148812 0.634158
7 1.230467 1.196585 0.033883
8 1.287420 1.249329 0.038091
9 1.348578 1.306570 0.042008
3 dsa
e Lol y il Sl bajd sy oeiee ali f ol Gk
D e gaadl
D:{(X,y)|a£X£b,—oo< y<oo}
(S b M
y'(X)|<M ; Vx e[a,b]
Ay Ledll Ale Jad 3ay y(x) of Lasms
y' (x)=f(xy); a<x<b, y(@)=«a

oo Nl Bl salsd) lyEl) & wry(E)  §=012,.,M -1
20 daa)pial) Uaall dslladd) el aas Maie . Lalall
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(3) ly(%)-w SZ—I\C[eL(X"a) —1}

dadlly h sshall Joh on hd Al dla o AL Dajall s
Ay Al byl 5 A8 Uidary 3eladll Jsla sl o) Jaadly ladll 4paal)
Hdle Jsasll
:adaadla

ef—) M@U‘ Gilal) Adyaa Byg pn (B ady Lijaall (o) Ghase
e D u\é\yb‘}(\u&ﬁcugﬁ\jhdﬁ\wwhﬂ\ S

of

Y00 =000 = 500y () = S0,y () + -6y () (. (x))

Aapea g y (X) e 05y "(x) o Ul sla) Ll (Sadll e 1)
Wadll Gpoal) Aal) luad (3) Aaajuall dag & penl) clasl S Jlaa)
Cogos L5l 3okl jlaie Uja WS 43) Cua ch sshall i o )
OSars cdilin) elhadl jsela W opon sam 1ay (a] Cllia claY Sl

5ysaall Allaall Aipa (g 50l Allall o2a

W, =
W,y =W +hf (%, w) =BT, L1
rliled) gie Laase axatios 3)
Yo =a+0,
Yia=Y; +hf (Xi’yi)+5i+1 i=012,....M -1

Y, il dadyall el eUadl U5 s Cas
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-

t(4)Aa

A1) el Aledl Tamy Ma y (x) oS

y'(x)=f(xy) a<x<b y(@)=«a
L LI At e dasll) Jall Ay A8 b up, U, Uy
U, =a+9,
Yia=Y; +hf (Xi!yi)+é}+l i =012,....M -1

ot Ziajee culump Loaf ciingy (|6 <8) Vi =0,1,2,..,M  culS 13l

Slefan angy Localy D e iyl oyl Siags yeie ) ) cgasd)
LR RS RTE T 4ol
1(hM 6\ L(x,-a) L(x;-a)
= V. | € — [ i e i
@ e)-vils (B2 ]et -] jake
to¥ @llig h sshaall ity Lha hagje e ba Uaall 5 Ll

(hM +éj h—0 500
2 h

shal CSars S S5 spraa h dad Jal e ST Uadl) maay o @ity
taaiag g ch sshall i ol aa alagdy cllual) (e

hM &
E(h)=| —+=
© 0= +7)
M S
E'(h)=| —+—
= E0)=(+-2 )
1aah Mdie
daade ae o ailiy E(h) glé ades E'()<0 gl ¢« h<J26/M oS 13
. Ban E(h)‘

-5 E(h) ol ades E'(h)>0 glé ¢ h>26/M S 13
A B Jal e ged Bshaal) Uadd Loall gl W
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(6) h:\/iﬂz

Al eyl 8 KU Tadll 8 ol Aedll oda e JA ) o ailn sagg
h1 SVl aall 13 Jiny ¥ Cumy IS a6 byia § G 58 (o aladl Copa
bl @bl ke 8
:Taylor series method bl Aludu 48y 3a 2-2

e Bl A4S By Gl dlay) s Ll L) Gae g W
I Dball il e Cilide clllad Alad Ay ) oz lins Lild ¢ Saa
Adgylall sl adadl) Uad o) 4usyas 3

1(2) s
Gl Aaleal 553 J< 3 (Local truncation) adasal) adadll bad  las)
saallal)
W, =a

Wiy =W; +he(x; w;) i=012..,M -1

1A=l
Ti+1(h)=yi+1_(yi +hh¢(xi’yi))
=yi+lh_yi —(x;,Y;)

PRy aed | osshaall die xamgall adadll ABle of aas N Ayl Jal o

ri+1(h)=y”1h—_yi—f (xi.y;)  .i=012..,M-1

= %(y(tiﬂ) 'Wi+l)

¢ Badaa bohd die Aaphll A8 (a4 xesall Uaally el a enyg
Aoleally Lafipe gas Al 3ohadll dic dagaia culS daphll o (o i3
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capill 8 3shadl) iy dylalil)
ol s
h 14
G eDh K] 2o () =2y
i Xl dlae Gl Kol o) (e dgane A8 Guial of Ly
h

(7) ‘Ti+1(h)‘§§K
G ass O(h) e s h b il d6yll i sall adadll Ut () 4iag
Aaal) 455 h
Db Ay Gabi ((N+1) A5 s Alaliall LB y(x) of gyl

: Xn+1 J‘).;-.’

Y (un) = ¥ () + Y (%) . +(h") YO Y(E)
Ge[Xig X ] s
o)
Y (x)=f(xy(%)) .y (x)= (% y(x))sey™ (1) = £ (. y(x))
Paa Ganeailly
)  Y(%u)=Y(%)+hf (X, ¥,)+ +(h A I

‘M Al e sl Aapka ikl oda e

e Jpmanll Koy ) V) 8 Aalide Cilhe (go bl Ayl p2dind
Y el A9 Ghh an Je diphl s Jady dualy Ll Jals e
Sars B8l Fhhl G dessiadl Godl) Ao Wb el Uaay ilo
Lo le s 50 hdad alasin
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: JSAllL (8) Al LS (o,

(9) yn+1:yn+hT(n)(Xniyn) ; n:O,]-,Z,---,M—l
HUITEN
h h(D
TOMX,y)=f(x,y,)+=f'(X,y, )+t —FD(x,y.)
2 (n)!
:(5) Jie

Y Aadl) Allsad i) Jall aa]
y=-y+x+1;0<x<1, y(0)=1
gl 2 pally ZE A5 pall oyl Ripyka plasiil,
s sl
A Al (e yolils Ak Sladiuly 1Y
Yoa=Ya +hT (X, y,)
T, = () + o (6,09,)
f(x,,y,)=-y,+x,+1
iy ==y, +1=y,—x,

TO(,Y) =y, +X, H (3, =X) = A T)K, —y,) L

Vi =Y +o.1[(1—°—j)(xn —y)+]
—0+0.1[(1- 07'1)(0 _1)] =1.00500
Y = v, +o.1[(1—°—j>(x1 y)+1]

=1.00500 + 0.1[(1—07'1)(0.1—1.00500) +1] =1.019025
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:cuu)l\ 4.;.9,«]\ e )jl,,h ‘ue)la plasinly s
yn+1 yn + hT (Xn ’ yn ))

>

feua
T,y =f(x,y )+Ef (XY )+h—2f "X,y )+h—31c "X Ya)
n? n n? n 2 n? n 3| n? n 4! n? n
f(X,.¥,)==Y,-X,+1
f'X,,y,)=-y,+1=y, —-x, -1+l=y -Xx,
f(X,Y.) ==Y, +X,
fm(Xn,yn):yn_Xn
ALl A (el
3

h h? h
THX,Y,) = (X, y,)+=f'(x,y,)+— f"(X,,y,)+— F"(X,, Y,
(X Ya) = £(X,¥0) > (X2: Yn) 3 (X5 Vo) 2 (X5 Yn)

1) 2
h® h?
TH(x,y,) =1+ l——+———
(X ¥n) =1+ il G )( Yn)
-Q\m)}mm‘;u@d,ﬂg
RN e
Yoa = yn+h[1+(1——+———)( o))
24 6
TR

;S JSAl N,y AN AL Al RS (K
240l An ) e Hsbb Al 4ual X =nh s h=01 glé n=10 s 1)
yn+1 yn+h[(1__)(x _yn)+1]

=y,+0.1[0.95(0.1n-vy,)+1]
Y., =0.905y +0.0095n+0.1

rewal Al Afpall (e skl drpual dailly
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h* h? h
yn+1 = yn + h[(l__+___)(xn - yn)+1]

24 6 2
0.01 0.01 01
y,+0.1[(1 o + 5 . )(0.1In—vy, ) +1]
y,,, =0.9048375y, +0.00951625n+0.1
n=0123.... 9:a) e
gyl Aol A5l (e b5 Al Alla b Ay sumall wll Jiay 4 Jsaaly
X Taylor method Taylor method
" of order 2 of order 4
0.0 0.00000 1.00000
0.1 1.00500 1.0048375
0.2 1.09025 1.0187309014
0.3 1.041218 1.0408184220
0.4 1.070802 1.0703202889
0.5 1.107076 1.1005309344
0.6 1.149404 1.488119344
o7 I ..EX. .80 0NN
08 ' = .8 . .8 S N § ... ...
09 &  ..A & A § ... ... .
4 Js

LIS 5 oY) Ayl e sbli dipha Ll e Ll A8k el (K
bl dsela) A5yl el iy e ) ST ol dagas ey culs
ST Ay kS (s o
:(6)Jta
:alalal) Asleall Jad daghll A5l (pa 5Ll Aipla aaiind

y,:(XEY) . y(0)=1,0<x<3

cy=3eM7 24 x  adll Jall dal w&’e’s‘hﬂ%,
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ORI A A al) (g sl Al ()l el
yn+1 yn + hT (Xn' yn)

3

h h m
T (Xn1yn)_ f(Xn’yn)+_f (Xn’yn)+_f (Xn’yn)+ f (Xn’yn) s

:4_'1.40)
(x-vy)
f(x,y)=——2’
(X01Y0) 5
, 1-y" @-(x-y)/2) 2-x+
FX Ly )= y'_Q504-Y)/2) _ y
2 2 4
y 0-1+y" -1+(x-y)/2 -2+x-
Fr Ly )= y' I-1a(x-y)/2 _ y
4 4 8
4 —0+1-y" 1-(x-y)/2 2-x+
et G Sy £
8 8 16
f(x,y)= 22D =05
Ry )= 2.0—02.0+1.o o
f ”(Xn,yn)z _20+go+10 =_O.375
2-0.0+1.0
f"(x ,y )=""—"""""-0.1875
(X0, Ya) T
y, =1.0+0.25(— 05+025(% o.zs(‘°'§575 +05 01875))) 0.8974915

teh Lo oluny agii ¢ (x,,Y;) = (0.25,0.897495) akill v y, alaiYs

181



0.25-0.8974915

f(0.25,0.8974915) =

=—0.3237458

2-0.25+0.8974915

£'(0.25,0.8974915) =

4

—2.0+0.25-0.8974915

£(0.25,0.8974915) =

8

(2.0-0.25+0.8974915)

£"(0.25,0.8974915) =

16

=0.6618729

= 0.3309364

= 01654682

y, =0.8974915 + 0.25(—0.3237458 + 0.25(

0.6618729 0.1654682)))

+025(=—

=0.8364037

had dic Lsuadl adll miag olial Jpaally adll 4 o Jiass 13,

FEPUEA|
yn+l
Xn 1 1 1 Zn+l
" g 2 " 4 " 8
0 1.0 1.0 1.0 1.0 1.0
1.125 0.9432392 | 0.9432392
0.25 0.8974915 | 0.8974908 | 0.8974917
0.375 0.8620874 | 0.8620874
0.50 0.8364258 | 0.83644037 | 0.8364024 | 0.8364023
0.75 0.8118696 | 0.8118679 | 0.8118678
1.00 | 0.8203125 | 0.8196285 | 0.8195940 | 0.8195921 | 0.8195920
1.50 1.9171423 | 0.9171021 | 0.9170998 | 0.9170997
2.00 |1.1045125|1.1036826 | 1.1036408 | 1.1036385 | 1.1036383
2.50 1.3595575 | 1.3595168 | 1.3595145 | 1.3595144
3.00 | 1.6701860 | 1.6694308 | 1.6693928 | 1.6693906 | 1.6693905
5 Jsa>
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:(Runge-Kutta Methods) UGS — gy (3 3-2
(Brama 058 o ey h ded) e sohd ) 1 Ail las
O XS Alaal) clipdaill 8 )ES a2l Y Ll 1A Al e A8y o Jpaall
Adalall cValed) Jal ole GlulS 4t e e Llall Gyl (e sl ik
lebeny Loa catlinfias f (X, Y) il o s 588 il eha) i 1Y
aal e 288 58— il @ik Lol cJilsal) o LAS) dailly Lia) dlKa g 538
oo WS gd Alialaill calaall ol Jall slay) 8 derdiedl (3L
Y () 2l sl ) Aslsl it ae dlle 3y e Jsaasll
S Vi =Y Foh e BS = il Gihly ol dall aladl JSAN o)
leie s of OS5 p=(X, ¥, h) O Laadlis el S B3l ke & @
Jaaall Al oda 3 Jud) s)le Jidh 3 cg=ak +ak, +..+ak, JSal
Baall Jspall (55554l
:(Midpoint Method) ciuaiiall 4assi 48, )k 4-2
AU AL il ad alay) W (AN Ayl (e Sl e o Sy

Yo=a
Yia =i +(ak, +ak,)h 5 i=012..,n-1

k.= f04,y) B
k, = f(Xi +phy; +q11k1h)
:u"..j} qllj al, a2, pl .é)bdl" u:‘LM 91'1“'“’} :“Q'UT g

(10)

Yia=Yit+ f(Xi’yi)h—F%f’(Xi’yi)hz

ranid (10) abaal) 8 (g
a +a,=1

1
a‘2p1=5
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1
a,0;, = E

a, oSily Jilaall aaY dad s ¢ Jaalae Gyl c¥olaa DG Wl 13gus
to) 2038 Ly (A adl) aagiy

1 1

Q11:g5 pl:z_azj a1=1—a2

zlsiul (£) O(h?) Ayl (e Coaiiall ddads diphal sl adadl) La )
(shl Al pe el

:(Modified Euler's Method) &aall gl 4850 5-2

a, =1:c.'4},1u...4.\.1.d' 1y \ALQJS\A.DLUAL@_Jc BN

toysSy Alall oy

q —1 ¢ —1 ¢ =0

11_2 pl_2 al_

(11) Yia =Y Tk i (yasad
kzzf[xi+%hayi+%k1hj K} klzf(xi’yi) Cus

:(Heun’s Method ) (s 483,k 6-2
azzgzyﬁw\&&&ywtﬁhw
1 .

0,=1¢p =1 ‘al:E Pl (5% ey

1 1
(12) Yin=Yi t Ek1+§k2 h ade
k, = f(x, +h,y, +kh) ) k= £04.y;) Lo
r AUl JREN DA (e dphall o328 g (Sas
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slope =f (x; +h,y; +k;h)
>

YA A predicted

slope =f (x;.Y;)

Average quJe:%(f ( +hy, +kh)+ (x.y,))

X

Xi Xi+1

2
:(7) Jie
P R ISP [ W ey~ 0 NG IOV A SR EEC
y=-y+x+1 0<x<1
y@0)=1 h=01
sl
:JSEIL aa Y alea axd
VT = +(%k1 +%k2jh

& Al adll e Jeans T(XY) =Y+ X+1 Cua o daph ol

: Al Jsaal
Xn yn+l
1.00000
0.1 1.005
0.2 1.019025

0.3 1.041217625
0.4 1.070801951
0.5 1.107075765
0.6 1.149403568
0.7 1.197210229
0.8 1.249975257
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Xn yn+l
0.9 1.307227608
65>

( Ralston’s Method ) ¢jgiud)y 48)k 7-2

1 ) . R . 2

a1=§ :é.u ..\3..\3.9} ‘MAS‘&SJM.DLQ’A aZZE:@.aﬁLG_AGM

. 3 3
F0sSy g ‘qll:Z‘ Py :Z ¢

1 2
(13) Yia =Yi +(§k1+§k2jh

3 3 .
kZZf(Xi+4h'yi+4klhj 5] k= f(x.v) s
:(8)

A1) Al sl il Jall aagl o giadly 4k alassiuly

y’:(X;y);OSX <1;y(0)=1;h=0.1

sl
Adoatal dabead) Jad Ll 2l e Jani (13) gsiadly Alalae (e WU
LIS PLEN Pt RN

Xn yn+l
1.00000
0.1 0.95375
0.2 0.914629688
0.3 0.88229149

0.4 0.85640478
0.5 0.836655047
0.6 0.822743114
0.7 0.814384387
0.8 0.811308148
0.9 0.813256876

752
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DAENY Agpall (e LS — i)y Ak 8-2

1
(14) Yiaa=Vi+ 6h(k1 +4ky +k3)

k,=f (x;,y,), k,=f (x; +0.5h,y. +0.5hk,)
k,=f (x, +h,y, —k,;h +2k,h)
:(Rung-Kutta Order Four)da)l) 4yl (sa U gl a3k 9-2
LAl i) L) AN Al e S — iy Ak 40308 Y lases
SIS Lol axds bl Apall (g 0055 Ol ]

1
(15) Yia= i+g(k1+2k2+2k3+k4)
: Lyl
el UK s

Vi =Yi tWKy+W oK, +w ks +w ky,
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ky=hf (x;,y;),

k, =hf (x; +ah,y; +bk,),

ky=hf (x; +ah,y; +b,k, +byk,),
k,=hf (x; +ash,y; +b,k; +bsk, +bgks).

sl Y aleall dea a3 o N =4 ddyall ko ko, kg ky 4 sl 288 aladnily
b, =a,,
b, +b; =a,,
b, +b; +b, =2,,
w, +w, +w; +w, =1,

2 2 2

AP WD

3 3 3 &
W,a; +Wga, +w,a; =

W3a;b; + W, (a,bs+aybg ) = %
W3ayaphy +W,as(aybs + ahs ) = %'
w,a’h, + W4(a12b5+ a§b6) = é
w,a,bsb = 2—14
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Shdie . Lhd e Ables (11) J Ysgae (13) o Ulian Ll Laadl,

123 Maie ‘alzé ,b, =0

aZZ%,a3=l,bl=%,b3=%,b4:0, bs=0,

b6:1,W1:%,W2:§,W3:%,W4:%.
pigr Uadlle Jully chielad) gyl o sbl i adadl)l Ui Gl Jasdlg
Al Ayall e AiyyLal
:(9)Jta
Ayl e B — il Ayl aladialy A3 Ll Alad ol Ja) s
1aa)yl)

y =-y+x+1 0<x<1

y(0) =1 h=0.1

Jad)

s B = i) OYabaae Gl
f(x,y)=-y+x+1
in=0 e i
k; =0.1(—Yo + X, +1)=0
k, =0.1(-0.95y, +0.95x, +1) = 0.005
ks = 0.1(—-0.9525(x, — ¥,)+1) = 0.009525
k, =0.1(-1-0.19525) = 0.00525
tle Juant ¢(15) Aabaall 8 o) oda ey gt
Yi=Yo +%(k1+2k2 +2k;+k,)
=1.0048375009
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Jsla) Lsnall 4l (iany ol Jsaall Jiags cadill o Juant of aobiins 135

Xn yn+l
1.00000
0.1 1.0048375000
0.2 1.0187309014
0.3 1.040818422
0.4 1.070320289
0.5 1.106530934
0.6 1.148811934
0.7 1.196585619
0.8 1.24932929
0.9 1.306569991
85
:(10)dlfm

oh Y =3 S Al dtadl bl
y =13e*'? —6x—12
by cy(0) =1 Almy) el Jal e dlalall Aaleall oyl Jad) aas
el glaaity alag 284l o il 5 c0<x <1 Jsall Je h=0.1
:Jal)

el F(XY)=3X+Y/2 Cn BS — i) Colee Gk
k, =hf (x,,Y,) =hf (0,2)=0.05

k, =hf (x, +%, Yo +%k1) = hf (0.05,1.025) = 0.06625
k, =hf (x, +%, Yo +%k2) = hf (0.05,1.033125) = 0.6665625

K, =hf (x, +h,y, +k,) = hf (0.11.06665625) = 0.0833328
(15) ti}S - G\b dales ‘.‘; ﬁsl\ FRYY UA"J’U"}
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Yi= Yo+ % (0.05+2x0.06625 + 2x 0.6665625 -+ 0.083328)
=1.06652421856
¢y, bl Lledl) dadll 2y =13*7—6x 12 adll Jall ae djladllyy
inld ) 4 Jus f <y (0.1) =1.06652424866 & X, dad Lmsl
Y el ge el Jall e A5l y Aad A3liayy 0 =01 330 dgine o8]
s LSy Uadll dad o 1aadU b Zed alajl elldy ganal) Jall e daslil
olial Jsaall & eaage

h stiad Jaal il Jal (Y ad US - gl Ay Aed
h—01 | y(0.1)=106665242486 | y(0.1)=106652421856
h—02 | y(02)=116722193718 | y(0.2)=11672208333
h—04 | ¥(L4)=147823585939 y(0.4)=14782

9Jsaa
:(11) Jbs
L alil) Al Jad Ayl 355 (0 B8 — gl Al a2

r_ (X B y)

i
dagill ()6 2 ch :1,%,%% aiiss Y(0)=1 IV Iyl ¢[0.3] Jladl i
Ly =322+ x =il Jally
:dal
b Gl wfl) e duans dall Al oGS — gl Ak sl
: Jal Jpaa)
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yn+1
. h=1 hol h=1 h=t fsa
2 4 8

0 1.0 1.0 1.0 1.0 1.0
1.125 0.9432392 | 0.9432392
0.25 0.8974915 | 0.8974908 | 0.8974917
0.375 0.8620874 | 0.8620874
0.50 0.8364258 | 0.83644037 | 0.8364024 | 0.8364023
0.75 0.8118696 | 0.8118679 | 0.8118678
1.00 | 0.8203125 | 0.8196285 | 0.8195940 | 0.8195921 | 0.8195920
1.50 1.9171423 | 0.9171021 | 0.9170998 | 0.9170997
2.00 |1.1045125]1.1036826 | 1.1036408 | 1.1036385 | 1.1036383
2.50 1.3595575 | 1.3595168 | 1.3595145 | 1.3595144
3.00 | 1.6701860 | 1.6694308 | 1.6693928 | 1.6693906 | 1.6693905

10Js2a

by Bbg) £oubd — UgS — mi) diph g asadl Usd 10-2
( Erwin Fehlberg Jé e 1970
PO (e o A1) ail) Al dpuldl) (3,8 Alalea )
W, =a
(16) Wy =W, +hg (X, W, ) i=012,...,n-1
Ll e Jeny ey c6>0 Jtall e S 23S tolerance dualewd) ot
b2 e sl Mo g Aad jslan ¥ oale Uad Jal e oSa Lo jraal 35040
Ll
Igas o iYL asdlin 1A Gaase @hhl el Wadl) s Wiey Y (S
kil tady sl WiSay 3 cLocal Error Jaall adaill Uad oy 4iy Loy,
G 8shall ans a0 ey el dabide 3ihh aladinl DA e sl
(L2 z3amall asill (yarz) Iaie Global Error alall all ig
PJSEN N Al (e sl Ayl alasiuly Ll 451
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y(xi+1):y(xi)+h¢(xi,y(xi),h)+0(h”“)
tled 358l Aalaas
W, =
Wi,y =W +he(x, W, hy ) i>0
rm(h):O(h”) s aall ol Lasg
tn+1 Al e slls Al L Uil Ll sy
y(xi+1):y(xi)+h¢3(xi,y(xi),h)+0(h”+2)
(e @yl Aalea
W, =
W|+1—W+h¢( i hi) i>0
Z.a(N)=0(h") : 8 sl adill U
G Ndie L@l ehd aan hs o Way(X)aW Adadl 8 Laaf i

FsS laall adadl) Ut Caype
@7 )= LODICD 0, m) -2y ()
Hemsds Ayl
(18) ua ()= (¥ (%))
Pade
(19) ()= Fualh) 42 (s )

aa e 5 (O(H) Ayl e () 5 O(R") A8l ez () L
1

'Ti+l(h)zh(wl+1 W|+1)

syhaall sl oo Laily cdai daal) akadll Uad pas o La sllaal)

e 293a Cpea 4iy (A
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Wi (1 bae 7, (h)~ Kh" Gisy h oo Jitae K aag 4 (i

Wity Wiy Oppfll aladiuly 5 ogh sshall Jshys on &) 513 sl adaill
J

(19) i (G) = K (ah)" =" (KN)" = 2 (W, ~w,,)

il s

Yn
Ti+l(qh)‘zi;|W+l_N+l|Sg = q<( o J
W1 =Wy
=3 (Al aSaall) ¢ UadY) 5))aY dsaliiall oda aadind daild 3ihk s
e akad Uhd e BsS — iy e a0 A ol — B8 — i)y ik
tAseldl) At yd) e
116 6656 28561 9 2

21 Wi+ =W, + k, + k, — k, ——k. +—Kk
(21) ! 135 ' 12825 ° 56430 * 50 ° 55 °

Al el @3 B = iy Al 3 el Tadll il ol
25 1408 2197 1
W, =W + Kk, + k, — =3
(22) 216 Y 2565 0 4104 1 5 °

(20)

k, = hf (%, w,)

h L
k, =hf | x; +Z’Wi +Zk1j

Ky =hf| x +& W+ik i —k,
8 82

K =hf| %+ 12h —— 1932 T 7200 - 7296 "
13 2197 ' 2197 % 2197
k =hf [ x +h,w T 2o Y [E680 L RERS
216 513 4104
3544 1859, 11
Ky — Ky — ke
2565 ° 4104 © 40

h 8
ks = hf (xi +§’Wi+ﬁk1+2k2+
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Bshad U die lill o s ) Jadd 2 s Ll Akl s dylay)

G clagaiazy ae dusaladly daghll dijpall e GBS — il Uiyl aadiiud
dsha JS ve J) e ad oY Al Al e UGS — il dipla g
Eomld — B — =iy Al 8 Bgld S e Ayglhaall aidll & pane proay 4lag
) e of yie
sdadial) cighdll cld gl -3
1Y) Aall Alise Jad 303l Clghadl) 4y yha (3) iy o

y'=f(xy); a<x<b , y(a)=a

A dbass vie w Bl alagy aadiud Al 38l A¥alee e Baaly A

raalgll o S T e M Cua AU Aaleally Lelid oSy Allg X,
T am—l\Ni +am— + +a0 i+1- m
(23)

+h[bmf(xi+1, Wy )b (W) By T (X Wy )]
di=m-1m,..,N-1 Jal

b-a .
-h:N—jW—aW a, W, =2a,,...,W ,=a , Sus

(23) daladd) oY Aagiie 5 dsgpa ed @EhhI Gl b =0 oS e
o oX b, 20 OsS Ladie 5 . Tle dime a8 AN dala w,, e
8ysemy (pais (23) Aabeall iyh 8 jedmiw, oY cdilie ff dpiacs L

jasﬂ <K .
(st (il lnes) A ¥ alaall Ciapadh id

n [551 (X, W, )59 (x, W, ;)

W. . =W.4+—
(24) AL od +37F (X oW, ,)—9F (X; W, ;)

=23, ,N-1Jycwy=a,w=a,w,=2a,, W, =3, Cus
Ll e Gy el Fhh sl ediy Glshd al @i dagpa ddyh
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e oledl Capd 5 fourth-order Adams-Bashforth technique 4al )

h[Of (XiWi.)—19F (x;w,)

(25) Wi+l :Wi +ﬂ _&f (Xi_lywi—l)_'_f (Xi_21Wi—2)

i =23.,N-1X&scw,=a,w=a,w,=2a,,W,=a, cus
Al Afyall e Gsilge = 3edl Ghh ex S Glghd @) L ik
. fourth-order Adams-Moulton technique

oGS sl @k Wl wg,wy, Wy AU Al uls W =a o
sanlgl) skl (3 (e il 51,

el Al Jas o ble ayilie (23) 8 LS dagpa digh gl
ale Bpar (Saa e b o bl e W, () Al

Ay Aal) Al dad o JaaY axsiall cilhadll 3ihk - Gl ¢l
Al Lalall ¢ X%, ] dlaall e LeklSa i ¢ (1)

Y ()= ) = |y = [ 1 (x,y ())x
:dlbocc_l‘g
(26) Y0, =y 060+ | F Oy ()X

da) y(x) Ame g f (XY (x)) Aelse (o oppulf e S W
il sl Jidiy P(x)ags 5y (<l oo loase) JolSs luls (Al
LEN ve Gl lgle Ulas Gl coss ) f (XY (X))
y ) aw, ol (dlld ) A8LaYL) s Leie . (X, Wp), (0, W), -, (3, W)
tenal (26) Aalaal) ol

(27) Y(%.0) = W + j p(x)dx
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Jemiall (pe 438 (51 giunall) Sganll 5,50 Aiyyle (g alasind (S 4l a2
Apmali) Zapuiiall gl g i ookl

90 ByES JCE shad M 6 gl Cysidy — el aglul £l
bl e P(X)
O T Oy O6D0) (0 F OG0 Y OG D) O g T (K Y (X))
Culie 22 dag 4l om —1 Al (e Bligiue d5aa 858 P (x) cwlS W
s (K X,) B &

T Ni4l-m

£06y 009 = s+ S ED (g )63 )

:of aai p L (X) 8 dX =hds 5 X =X, +sh Jsaial b huss a0

[ foxy0)ax= mﬁ(—l)k (;Sjvk f(x, y(x))dx

+TM(X—XJ(X_)§) ------ (X = Xi,1 )X
m!

X

=SV 1y (D | (;des
1 ml [s(s+2)..co(s+m=-2)F"(&, y(&))ds

1 p—
OsSo Ladimd caluad) g <k ?5\5 alid g d;i % c(—l)kj(ksjds Ol
0

k=3
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(_1)3.[(;3 jds _ _J‘ (—S)(—Sll—z:]._é(_s -2) is

1
:%.[(s3+332+25)ds
0

1|s* '
== —+s°+s?
6| 4 4

_1[9j_§
6la) "8

Gy DAL | IRV e:\ﬂ L)jd; LS Sa e @lcj

k 0 1 2 3 4 5

oo (5 RS NSRS A SR e, | 95

(_)l 3 J° 2 2 | 8 | 720 | 288
11 Jsas

rans SN A

XI f (%y(x))dx = h[ f (6 y(x) +%Vf Oop G +%V2 Fogp) +} '

X

(28)

hm+l 1

m!

pladinl S adld ([0,1] Ao L) ¥ s(s+D).....(s+m-1) oS W
Ging g cawslic e Jal e cadl mimas S ALSE) ol dadl) Ay
(26) ddlaall B Uaal) aa g Gy <44 <ty

hm+l 1

m!
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m+Lg (m) _q\m oS
(29) W™ sy () (1) !(m }is
feb WS (29) Ualaal) S (Ko alé
Y )=y ()= [ 0,y ()ae

e

(30) .
+hm M Gy () ()" | (m ]ds

:(12) Jbs

(30) Aslaall & (mses D) clshaall (63 <ysailim Jeal casll b

2a¥ ¢ m=3

yW”Jzy@J+P@wyUJH%Vf@“NMD+%V%@Uy@Jﬂ

f(mm@q»+%ﬁu“yaﬂr4(myyaim]
—y(x,)+h
+E[f X,y (X)) =2f (x4, y (X)) +f (Xi—2’y(xi—2))]

=:y(xi)+-fg[23f(xi,y(xi))+16f<xi1,y(xil»-+5f<xiz,y(xiz)n

gt sl — el Gk (Sl At o,

(31) W, =W, +%[23f (%W, )—16f (X, W, )+5f (X, W, ,)]
i =23, ,N-1Xcwy=a,w=a,w,=a, <u
shlG Ayl aladinly Ly saxid) clshaall @il - sl (Say

35 Wl Al 3yseay Coyra sadeial) cilghadl) @hhal sl adadll Uas

Baslsll 35hadl) 3l
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:(4) iy s
A1) dedll Al day (x) oS 1)

y=1(xy); a<x <b, y(a)=a
W, ,=a W, +a, W, +a,_ W, +...+aWw,_,

+h b, (X W) +bf (X W, )+o+bf (X wi )]
pda die ol adadll Uad o8 Gadeial) gl $ihk (i +1) sshall oo
18 7, (h) 3shall
fia () = Y (1) =@ ¥ (%) ==Y (%im)
(32) 1

_[bm+lf (Xiss Yisa) + -+ 00 T (X Vi )]
i=mm+1.. N-1 J
:(13) Jba

EDA lgladll ld il = Jeal @ihlal el adadll Uad el
1(32) Aabead) 8 oylh Uadll 05 8 s ((12) Jlal) b At

h*f (e, y () j (j ]ds - %f .y ()

o Aattiad) Gopll Aabaes £ O,y (1) =y () L) sl
raad (12)Jeal)

()= LD CD 2 Loty ) -160 (XY (X, D)+ (XY 2]

_1f3n 3w
—h{ 8 f (ﬂi-Y(ﬂi))i| 8 y (),

- H G(Xi—21xi+l) O S
Ut 5 4y pall adill oo lshadl) 3a2iall dagyeall Sk (s Jasd
tok WS @iy L (13) 5(12) bl Adhay alie qusluly sl aladll
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tOmighadd) cild ¢y gddily — jea) A8yl 1-3

(33) vvi+l=wi+g[3f(xi,vvi)—f(xil,wu)]
d0=23..,N-1Kscw,=a,w=a <=
(X 0X,0) aslie 23 1y (1) =2y (4 )7 el el s
s EDUL @lghadl) @uld @) gidl — Jaa) 48y h 2-3
(34) W, =W, +1h—2[23f (x;.w,)—16f (x; W, )+5f (X,,W,,)],
i =2,3..,N-1Xscw=a,w=a,w,=a, cu
cnbie s dal o r.+1(h)=§y(4)(ui)h e o L
g € (XXt )
ra ) lghal) ld ¢y gy — jaa] 48y 3-3

55f (t,,w, )—59f (t, W,
(35) R, 2h4 +37f(&, 2,) ) (9f 1(, 3,1) Bl
A=23. ,N-1XKscw=a,w=a ,W,=a,W,=a, <us
Gl 232 dal o ri+1(h)=%y(5)(ui)h“ gl il U,
€ (tatin)
touadd) cilghadl) culd ¢y gl — Jaa] A&y 4 4-3
h [1901f (x,w,)=2774f (x_,, W ,)+2616f (x_,,W,,)

(36) Wha=wtoog 12745 (X_yuWiy)+ 251F (%W, )

i =2,3..,N-1J,cw,=a,w,=a ,W,=3a,,W,=a, ,W, =a, <

s dal o T”l(h)=29858y ()0 s laall gdaill Uz Qladl s2a i
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- K E(Xi—41xi+l) ulia

& ddla) elagin) LES (X, F (X, V(X)) pladinls dieall @)l gt
If(x,y(x))dx s JalSal) (i

JUATRPNEEGIN Lcw SEY) dgieall Ehh any
Oaighadd) cd ¢ gilga — Jeal A8y 40 5-3

W, +1h—2[5f (X oWy +8F (X, )= (X, oW, 4)],
i =2,3..,N-1Xscwy=a,w=a <
culia 3l g ()= Ty () e el o L
s €(X 00X )
:EDUY cfghadl) @ld gilga — Jaa] 48y h 6-3

h gf( i+11 |+1)+19f( )
(38) M TN T2 5t (%W ) + (% W)

=23, ,N-1Xycw,=a,w=a,wW,=a, &

-19 K TN
Culia 22 d;\ (e T|+1(h)_720y ( ) h? " L",’J;A\ tiasl\ Uaa Qj

(37) Wig=

oy E(Xi—Z’Xi+l)
ra¥) lghal) @l ¢ gilga — Jaal 48y 7-3

h | 251 (X, W, )+646f (x,wW)—
Wiy =W +-o—
720 264 (X, 4, Wi, )+106f (X 5, W ,)—19F (X 5, Wi ;)

=23 ,N-1Xscw,=a,w=a,W,=a,W=a, Sus
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se Jal e rm(h):%y(e)(yi)hs b aall pdadl) Uas Aa oda 3y

cp (X5 X ) el

Ayl bghd M Cld dagpall il — el Ak dlie agdl e
G F ol i m legie JS (gsa3 ihslad m—1 Ol Agiaal) (y5ilsa — el
Heas - laall Logakad Uad 3 y ™ (4 )h" 2l clagia JSI ays ishd JS
ol ahadll Ui sgn cbeay gl ) apaall COlabee dale
Ghhll b el gy Aagpall Ghhl b el b sl Dl @)L
Aagpall Gk 8 L Ji 00 e ladls ST hiiud ) dpieall
:(14) Jbs
A1) dadll e 3yl

y=y-x*+1 , J<x=2 I y (0)=05,

daph a)¥) clshall Gld cyasly — el ddyl J8 e oadanall ol
:h=0.2 Lgie JS A Cun (&GN clshall ild (5l 5e = el
: 5 a8l Aalaa <ysall — el Ayl
=w, +%[55f (t,w, ) =59F (X, W, ) +37F (X, ,W;_,)—9f (X, 5w, )],

Wi+1

h=02 «x; =0.2i alaialy lhwei ve muais i =3,4,..,9 Jal 0

tf(x,y)=y—-x*+1 5
1

Wi+l:a

(35w, —11.8v, ,+7.4v, , 18w, ,—0.192i*~0.192i +4.736 |.

: B9 all Aolaa (gl ga — aal ddy,kal

Win =W +%[9f (Xi+1’Wi+1)+19f (Xi’Wi)_5f (Xi—l’Wi—l)+f (Xi—Z’Wi—Z):|y
tl) dpsis e 1=2,3,.,9 dal o
Wiy =i[1-8Ni+1+27-8Ni -w, ,+0.2w, ,—0.192i * —0.192i +4.736].
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fobm 138 gw, o ) Al el WiSay cAag a3y e Akl o2a aladnny
1

W, =———[27.88, -w, , +0.2w, ,~0.192i° ~0.192i +4.736 |.
22.2

JaY Osilse — el 5 Cusiily —edl Giplll wil (12) &) Jsaall Oam
y (x)=(x +1)° 05" adll Jall oy Wle (il Uadlls ¢ §=2,3,..,9

)52l — jeo Osise = 3eal

X, W, iyl Ut W, RSV RV
0.0 0.5000000 0 0.5000000 0

0.2 0.8292986 | 0.0000000 | 0.8292986 | 0.0000000
0.4 1.2140877 | 0.0000000 | 1.2140877 | 0.0000000
0.6 1.6489406 | 0.0000000 | 1.6489341 | 0.0000065
0.8 2.1273124 | 0.0000828 | 2.1272136 | 0.0000160
1.0 2.6410810 | 0.0002219 | 2.6408298 | 0.0000293
1.2 3.1803480 | 0.0004065 | 3.1798937 | 0.0000478
1.4 3.7330601 | 0.0006601 | 3.7323270 | 0.0000731
1.6 4.2844931 | 0.0010093 | 4.2833767 | 0.0001071
1.8 4.8166575 | 0.0014812 | 4.8150236 | 0.0001527
2.0 5.3075838 | 0.0021119 | 5.3052587 | 0.0002132

12 Jsaa

B e Juadl &8 dpeall Galse = el Ayl Jaen ((14) Jial
ezl Fhhl 4l iaade se . lgld Abyall @) dagpall @il - e
oiall e i ) s @bkl st 550 0o A3l Cania (halse
Aadl) Al 8 i Slmise (S5 Al o) b ehaY) 138 momy 85w,

sddaveal) 4450y

y'=e’; 0<x<0.25 , y (0)=1
alae DA Glgladll @) (5ilse = Geal diphal B f (x,y)=€" o8 W
198l
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Wiy =W, +l[9ew'+1 +19e" —Be"tt +e"i? |
24
Wy oedell () Al dagpa 5y sean Lebs (Sl Alalaall 028 Ol
L WS dediin pe 3aasiall lshall <) diacall Gk o) Llee
oo Aail Gl e st JAaY dedtiie gl L f LJd e
—lusie Fhb ey ien @Ak e Ehh @Sh ) Aape Gk
(e dagpall @bl L .predictor-corrector method 4ss.as
soball A8 deg Alee Jal 40 Al dgyel Bk bkl
Gy sl — eal Bl Akl wow,ww, el s a5
Al Agyall (e saals 5ad ) @bl aadid cellly LAl L) dalal
L s o oo 20N sshadll Al A5l e BS sy Ghh A
PALTS Cysall — jeal (3l plaaiuly y (x, )4 W4(0)
w,” :w3+%[55f (X3 3)—59F (X, ,)+37f (x,W,)—9f (XoW,)]
@ld (silse = el @il e Ga) Ciplall 8w, Jlaal il 1 ey
w, =w3+%[9f (x4,w4(°))+19f (X3W 5 )=5F (X, W, )+f (xl,wl)}

= el @bk aladiul Sy (x,) ssdell cupES w Y Al (e aadi
Gl w P s w ) alay dasiad Gsilse — Jedl @ik AtieS @)l
Ny (xg) el Sleally IV

sy el (sl Al (x, ) Sl e Jpeand) (s clyplas
w D —w +%[9f (xi+1,wi(il))+l9f (X, W, )=5f (x; w,)+f (XH,WH)}

i+l

i+1

Ji (e slarall d@l) dadll e lam {W<k+1>} At cul€ Wl
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alaiud abimall (b ey (x, ) dadl ) Gl e Juadl 8y ey el 53l
B (il )5 puia lla IS 1) sghadl) Jsha 8 aids
AaneS dahll Aoyl e Rdly — el diph e cany A A )l

—zh dpla e Al DUl aly AaniadS Gsilge — jeal daphl aaly ISy
Aol A5yl e B8
sdag)l) Aipall cild —dasiaal) Abiial) Jea) A& jha duajjlsd

sagilay) Al Al Ja il
y'=f(xy); a<x<b, y(a)=a
tlagiy Lag el 4yl [a,b] Jlaall dacl o (N +1) e
INPUT endpoints a,b;integer N ; initial condition « .
OUTPUT approximation w to y at the (N +1) values of x .
Stepl Seth=({p-a)/N;
X, =8;
W,=a;
OUTPUT (x,,W ).

Step2 Fori =1,2,3,doSteps3—-5 (Compute starting values using
Runge- Kutta method)
Step3 Set K, =hf (x, ,,w,,);

K, =hf (x, ,+h/2w, ,+K,/2);
K, =hf (x, ,+h/2w,  +K,/2);
K, =hf (x,,+hw,  +K),).
Step4 Setw, =w, , +(K,;+2K,+2K,+K,)/6;
X =a+ih.
Step5 OUTPUT (x; w;).
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step 6 For i =4,..,Ndo steps7-10
step 7 Set x, =a+ih;

W=w, +h 55f (x,,w,)—59f (x,,w,)+37 f(x,,w,) 124
-9f(x,,w,)

i w, 9f (x,w)+19f(x,,w,)—-5f(x,,w,) 1oa.
+ F(x,w,)

step 8 OUTPUT (x,w)
step9 For j=0,1,2
Set X; =X,
W, =W,,.
step 10 Set X, =X;
W, = W.
step11 STOP

:(15) Jbs
o Aald) Al il lede Wloan 31 <3501 (13) 4y Jssal) Jas
3 Al Ulse

W = Vo] 3 0<x<2, y (0)=05
. N =10 Jal o

X W yi:y(xi) yi =W,
0.0 0.5000000 0.5000000 0

0.2 0.8292933 0.8292986 0.0000053
0.4 1.2140762 1.2140877 0.0000114
0.6 1.6489220 1.6489406 0.0000186
0.8 2.1272056 2.1272295 0.0000239
1.0 2.6408286 2.6408591 0.0000305
1.2 3.1799026 3.1799415 0.0000389
1.4 3.7323505 3.7324000 0.0000495
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X W yi:y(xi) Yi —W;

1.6 4.2834208 4.2834838 0.0000630

1.8 4.8150964 4.8151763 0.0000799

2.0 5.3053707 5.3054720 0.0001013
13 Jsaa

3s0n IS JlS aladiuly o adll saaie Al bbb oSe
oedall s ol cjgi—lig;[x x|+1] JSaN e 358 e 3ldgia
e Aomalill Go 8l Gisw dgaa 3y JalSs Ladie saaa Ayl i Ly (X))

:Milne method (lile @i e daypa Ghh a5 [X; 4, X.,]
(40) Wi+l |:2f XI’W |1' i )+2f( i-21 '—2):|

fe(ls, |+1)& Ehy (.)LA"‘C‘L‘SL&‘)‘H\“@J

Osmnans Ayl o8 Agas Fhh Jal e 70 (blal (@ihhll o3 st
Simpson's method

(41) w, :Wi—l+%|:f (XiaW g ) +4F (X, W, ) +f (Xi—l’Wi—l)]

4

e & E( i3 |+1) S _90 y(5)(§i) g;“ CL‘B S5 Z@ﬁ)‘u‘ 23¢

IXiaX ] e Rumalill Gl (s 30a 35S AlalSay ey e
dayylay dileid) dasad) —damal Ghlll 3 siee Jad) bl Uaa o a2,
silea = el Bhlay Galatiall Uaddl 13 e clasae ¢ BT 4l ¢ grnnans —oibike
iihal ae el ) Y)Wl e Jlexinl) sa50as Zaphll o328

. a2
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ool
h=0150 Wle i il Laiine daldl) sy ol day)f 433 y(0.5) 240 -1
AN Al Jils e JS Ja el

y'=2x+y :y(0)=0 (a
y'=2x-y :y(0)=0 (b
y'=3x-y  ;y(0)=0 (c
y'=2x-2y  ;y(0)=0 (d
y'=3x-2y ;y(0)=0 (e
) Lol Allse das @l ALalil sns fl6)] daf BBy y(0.5) 22 -2
y'=x-y’ 1y(0)=1.1

h=025 G e i @l Lastiue
—l diph alasiuly (0) Jlaal) e 4060 A5 il Jlas (g0 IS Ja -3
th=0.25 Lo LA 45l e S

y' =-2xy* ;y(0) =1 (a
y' =-2xy ;y(0) =1 (b
y'=2xy° ,y(0) =1 (c

¥ = 2 M OlA (d
y' =xy° ;¥(0) =1 (e

sl bSmil) @bl Laxdivee ALaldll aey )i day)f 4y y(0.5) 2asf -4
sl Jilae e S Jay elldy ch=0100 Wle (gsiadl) o cAlaad)
A Ay
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y' =2X+y :y(0)=0 (a

y'=2x-y ;y(0)=0 (b
y'=3x-y ;¥(0) =0 (c
y'=2x-2y ;y(0)=0 (d
y' =3x-2y ;y(0)=0 (e

O e bl @b Ladiue Alalill by ) Layf 4y y(0.6) 225 -5
s Al dadl) Alse Jay @lldg . h=0.2
Sy’ =—xy ;y(0)=1
=020 Lle cpa 3ihh Laxtivee Alaldll 3ay 265 4ay)l 483 y(0.6) 254 -6
:AY) dagdl) Alice Jay lldg
Sy’ =—xy ;y(0) =1
) Lall Allie Jal e y(4) il Sl 3k andind -7

Y1y y()=1
dx

h=15 We
) Al Wlse Jal (e y(8) il Llsl ik axaind -8
xy'+y+x=e* jy(l)=e+l
=15 Lk
Al el Alia gaaal) Jall aa5la h=0.05 34 cadle 13) -9
y'=xy*-2y ;y(0)=1
5 Gl Jall aadd Al daph aladiul @y, 0<x <1 Jad) e
- g2l Jall pe 43y
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S nlild Cany' Ak s "La ) Al Ak Laay lillad iyl llia
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fe—2)
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™ 1

r’+r-1=0

(5) 145
2

Al Lol ar = (-14+/5)/2 Cus

r=(-1++5)/2 Ha f (d) <f (€) o134l ans agline IS

Aaally Gl Aiph alaiuly AU ) ol LS B JBG (G i
gl

1(2)Jba

f(x)=x2-sin(x) & sl Jiall 53 f (x) abll Ll dagl aa
.[0,1] Judl e

s Jal)

& s of "(x)=2x —cos(x) =0 Wl ¢f "(x) =0 Aalaall Ja Slay
Ua i) da®)) 438 j0e v 13 /(1) =1.4596977 >0 5 f '(0) =-1<0
Jladd) 4y die 2 baldl) dipla Gadaiy . [0,1] Jlaall 3 /(X)) 3 2a
Al il e Joasd py =1 Jlaall Ales 5 p, =0

Py 2pk _Cos(pk)
0.0000000 -1.00000000
1.0000000 1.45969769
0.4065540 -0.10538092
0.4465123 -0.00893398
0.4502137 0.00007329

A WINIFR|IO| X

245



k Py 2p, —cos(p, )
0.4501836 -0.00000005
1 Jsaall

g

f '(0.4501836) = 0
f "(0.4501836) = 2.435131> 0 4ias f "(x) =2-+sin(x) alill SE iall
(ot ikl SLas) Aiayue B il Loah) el o Juaasy

f (0.4501836) = —0.2324656
) Cuad) L)k Sadidy Jal
13 (4) 5 (3) é—ml‘ Gak by=1,8,=0 ¢l
1+‘/—)(1 0)= f~0.38919660

1+J_ —+5
2

C, =0+(1-

d, =1-(1- )(1-0) = ~0.6180340

Gl

f (d,)=-0.19746793, f (c,) =—0.22684748
[a, ,d,]=[0.00000000, 0.6180340] Jsadl Jlaall 8 f () <f (dg) & Lass
i, oy ()il aasivily d, =c,, b, =d,, & =3, (Sl

¢, =a+(@A-r)b,-a)
1+\/_

z0.2360680
O edalaad) ) il aaall Joadl) Jlsal)l paanl f (dy) L, F (C)) oWy ol
ribiluall Gaes J6 Jsaal

=0 +(1- )(0.6180340—0)

k a, Cy d, b,
0 | 0.0000000 | 0.3819660 | 0.6180340 1
1 | 0.0000000 | 0.2360680 | 0.3819660 | 0.6180340
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k a Cy d, b,
2 | 0.2360680 | 0.3819660 | 0.4721360 | 0.6180340
3 1 0.3819660 | 0.4721360 | 0.5278640 | 0.6180340
4 | 0.3819660 | 0.4376941 | 0.4721360 | 0.5278640
5 10.3819660 | 0.4164079 | 0.4376941 | 0.4721360
6 | 0.4164079 | 0.4376941 | 0.4508497 | 0.4721360
21 | 0.4501574 | 0.4501730 | 0.4501827 | 0.4501983
22 | 0.4501730 | 0.4501827 | 0.4501886 | 0.4501983
23 | 0.4501827 | 0.4501886 | 0.4501923 | 0.4501983
2 Jsall

k f() f(d,)

0 | -0.22684748 -0.19746793

1 | -0.17815339 -0.22684748

2 | -0.22684748 -0.23187724

3 | -0.23187724 -0.22504882
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5 ] -0.23108238 -0.23227594

6 | -0.23227594 -0.23246503
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X =p sass [a,b] b GESI G 5 Jaal Lalal b £ (x) oS
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D 5 Py o skl Rl ded Y Lpy=a Sy Basy Lo ded
p )] el Ra yua alasi

(18) ho o2 0)-f @)
min f ,(a)
:p, uwéwﬁj\uﬂ\emu‘i\ p, =P, +h \J\
(19) P(X) =5 = po) 4L (= p,) 4 (p)
: & Lay
(20) PI(x) =2 (¢~ .Y + 25 (x ~ py)
TN
(21) P(po) =T (Py), P(p) =T (p,) .
P'(po) =f "(p,),P'(p,) =F "(p,)
ie=d p, alaay
(22) P, =Py +hy
10 axi ¢(21) 5 (20) pasiulys 5 kal
(23) F=f (p)-f (p)) =By’ -3y +1)+ B(1-2y)
(24) G =f '(p,)—f '(p,) = a(l—2y) + 2
(25) hf '(p,) =3ay® =28y
t o d Awally (25) 5 (24) 5 (23) <V abead) dea Jay
(26) a =G —2(F —f '(p,)h
1(25) 5 (24) (e daag
(27) 3y’ +(G —3a)y +hf '(p,) =0

:5p (28) Aabadll Ua ()

256



(28) Y= —hf '(p,)
G —3a) %G —3a)* ~12ahf '(p,)
105K cdm sall 3)LAY plaal) 8 22l jlaa) o ladf Eigan galil
(29) - —hf '(p,)
(G —3a) +4/(G —3a)? ~12ahf '(p,)
((22)all B Dgundll y Aaf Jaiinls p, dad 2n
o PP pll Py py Jaiwis h=p—py dead Adeadl IS dalidl
e gl JlaaSs .(29) « (26) <(24) ¢(23) «(22) gaall & sl
JF(po)| <& olia) Jumdl)
:(4) e
daph Loadis .[0,1] Jaall e £ (x)=x % —sin(x) ctll Loall Legll an
oSl Gan )
s sl
BIAE f'(x)=2x —cos(x)=0 s f(x) = b
hy=2(f 0)-f @)/f'(@) & f'(0)=-1, f (1)=0.582902,f (0)=0
. h, =—0.3170580 _le Jasi
13Sa

p, = P, +h, =0+(-0.3170580) = —-0.3170580

f (p,) =f (-0.3170580) =0.4122984
f '(p,) =f '(-0.3170580) = —0.8496310

(24) «(23) «22)izal A& T(p) T (Po)F (). F (Po). by Jlasinly
:‘:JL Jans
F =0.4122984, G =0.1852484, «=-0.0052323, y=-1.4202625
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)3<a
P, = P, + N,y =-0.3170580 + (-0.3170580)(~1.4202625) = 0.4503056

Slo Jeanid Alead) LSS 8 aidy h, =p, —p, =0.7673637 Jxas V)
e alil) Aad L /(p, ) <107 gl Slee el 5 Jsaal) 8 Al bl
& bliaag Al ool dedl) g of (p,;) =-0.2324656 & p, =0.4501836

; (Z)Jt"m]\

k Pia h, Py

1 | 0.0000000 | -0.3170580 | -0.3170580
2 | -0.3170580 | 0.7673637 0.4503056
3 | 0.4503056 0.0001217 0.4501810
4 | 0.4501810 0.0002433 0.4504272
5 | 0.4504272 0.0002436 0.4501836

5 Jsaall

:Nelder-Mead-Powell Jagi— ama— jalid 3)yla-3
(haie b @l alall dal e (2) Bl A oyl aped (Say
kil e F (X Xy, 00X ) ot
R :{(xl,xz,...,xN):g(xk—pk)2<r2}

(Py Py Py) Aha de Ly Aglae ed f (X, Xp000Xy) D aas

(30)

-

383
(31) f (g Pyreons Py ) ST (X Xpren Xy ) V(XX e Xy ) €R
abaill ve  ebe Adae Al f (X X,,.0Xy) UL Jss
383 13 (Py, Pyyee Py )
(32) f(Pys Pares Py ) 2 (X1, X000 X ) 5 V(X g X0, Xy ) €R

Clsatiar qlgi aladinly Clpstie Baay alsill ClBQY) ot @bl daes s
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Guial sl mlany Lusia odaid o s cSay f (X,Y) ol
(A)Raynall apent sa (X, Y) il Loall dagl) slagy G Sl
AE ) gidal) Jlgd) - 1-3
:(5) diasm
i Rdiall 3 spdiee Aall Lelides f(x,y) ol oS3l
Al eadis f (p,g)=0,f,(p,a)=0 = 45 4k (p,g)eR
Gaal) i) daphs paatl A6l @il eY)
Yve f (p.a)>0 5 f (p.a)f,(p.q)-f;(p.a)>0 o< 13 .1
(a aadad o f (p,q)
e f,(p,g)>0 5 f,(p,9)f, (p,a)-f,;(p.q)>0 & 13 .2
L obe Alaadad o f(p,Q)
o f(x,y) Bxe f(p,a)f,(p.g)-fs(p.q)<0 o8 1.3
.(p,g) Adadil) xie 4as Al
Aphll o 08 xe f (p,q)f, (p.9)—fy(p.q)=0 o 1 .4
Adila 2
:(5)Jba
(X Y)=X2 A +y 2 —xy wlll gyrall Aagl) aa sl
:Jall
rtll O3V il Gl
f.x,y)=2x-4-y , f (x,y)=2y -1-x

tha OValae e Jiass Hiall 45l ildidall sda Jas
2X-y=4 ,2y-x=1

(X,y)=(3,2) Ui J;-’LSJ;"}
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rtll B S5all gl
fay)=2,f,(x,y)=2f,(x,y)=-1
tua (5)Aaapuall IV Al Al Ll daadle Jead) 0
fo (32 f,(32)-f2(32=3>0
f.(32=2>0 5
ahall ve f (32)=-7 o Alae Aad f(X,y) bl Gl L e
.(3,2)
oleatind ¥ leghl am nlilud 4y dpadl) Al sy ddh slexiuly
e J8G f (x) U 3de
aill JELall Cendl L lgied A5jlaa) Caeddiid dysllhaall il Gkl M
Jgpaldl) oda LI of (Xp,X 00Xy ) Sihpiie 2o ld Jlsall (g jraall
iy ol LYY ALy (ma IS Vs Liaa V) clialiay) oda (la Y
Sl e Jlsall Gals J<a sade syilall FLI 8 1388 L clpiie ac
Lol ablell e
tae — Al A8k 2-3
3e bl rall Al el ol Aap d3pk aw ol S
Al o adiny Gypie Jal (e B alag) (A Al Adeall ke
DS (X,Y) 0sS Cam esnl) Gl dadig s ADA CB) gy v o)
Aluls Adeall Mg Conll aiigy aa abie S8 1Sy L aaa Gl i
Ay sraal il o o 13, | (dakie YIS L 0 ) i) o
bl gprall el e doass of ) clB) aaa sy
Al i Ul (ams N 8 e alga) Joal aa) alasinnly 2iayual) asant 2y

Aolis (35ise5 b sag . piaN il il (gpaaall
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rala Al (sl 4850

1(4) s

Gy sladl) 3 cally waa U5 4 e (Simplex ) cuSlad) Cij)
oSl OsSs{x i=1...,n+1 Akl n+l oe (N2l e) RO
sladll b alsiial) GSliand) ey oAysbia dngyy (o Al culS 1) Ladiing
e g by R eladll 3 Jiags g OaY] (giluia Cifia 2

R3 i HSladl o 6 S

L.J;\ \.g_mu_\ gﬂ:’ %Z;Lasj\ (f :t:m))\};j\ 538 ﬁ.ls:u ejs.m C\_L\Ajﬂ\} :ﬂ}@_uﬂ
CRT e liadl)

b pliiia (eSliand BN gy ) Jis  Allg{x,, X, %, F Bl bl 45
() (o praall dagl) alay) U Caags o3 F(x) aolil Ll (K405 26 Liadl)
.4
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t Clgladll e a8 A0l 038 ()
oY gladll g —]
(il a5 Unnall Jalitll (e ddai ISV ol A caens (11
fo=f(x)
leie JS die aolill ded e aldie) Laelat Ll oda (afijy agis 3
Fiad LAl o8 O Gais
f<f <f,
Ll o3 bl (reflection) (ulSas)l  slal ass Maeyy (2-1
sy ol Gag g x Y
5 Xy Cmmbl) c Alalgl) dadid) dadadll (Mean) cusiic aag (I

Al Sl X,
X+ Xy
¢ 2
highest point
mean
simplex

Wl bty gl X, el QS sy Y (@
X, =X, +2(x, —x,)
=2X, — X,
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olSal Jigi ) x, Adadl) die il ded Cley oY) il (3-1
O s (%,
f.=1f(x)
o e yrual lgiad (ulSaV) e Al x Al ) f, < f, culk )y -2
H(ceAY) D) Ll
o slo X, Adaiil) (ye 2l Adais ) JEDU paall aadis Wils (1-2
(D AR 385 Sy X olai] iy aaaill (S,

X, =X, +2(x, 3x.)
= 2X - X,

fo=f(x) O Gass x, Al vie o) Aaf lmy agts (2-2
f, < f calkidls (3-2
o Al X, Jasi of aey Gy Tasa (el ¢t Lula
Llal) o ohd saadl GuShaadl &) 6f) X, 2 (maally (alSas)

(1% %%}

=flect and grow
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3 (i GSa) e il X, Jadid o) say @l T GuSliaw £ Llé s

.Xh

reflect
Al ) pms Tl OIS 18 i) a5 (4-2

el V) (g pnaall Al dail5all Al cusd X, G ) f, < F, S WG -3
Wil xie (x5 X, (0 Szl

- X, _1(.1:33

reflect

Al Y et Tiae IS 18 ol o (2-3
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Lald Bie (X5 % 3 X, O lsd X, 3 ) < F, SV
D) aladialy @lldg X, 5 X, ox 4Ll (Shrink)p=ls (1-4
saallal)
1

Xg =X, +E(Xc _Xh)

:l(xc & Xh)
2
O Gains xg Al vie lal) el sy o (274
fo=f(x,)
(X, oo duaily X, galsud X G gl ) £ < f, <, 1Y
Lula
Ay (elSad) e Aaslill) x, Adaiil) cp Adlesall iy o581 (34
il Jygnill Ty ollig x,

1
:E(xc+xr)
fo=f(x) O oty x, Akl xie i) dad iy o585 (4-4
o<t cacu (54
SV e Aasll) X, Jadis of ey Gll3g s GSlas ¢ Lils

< Xy 2 (J.IJ.A.IS“}
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shrink

reflect and shrink
Aaled) e e ddass JS Jlasials @lldg Tana Gulian ¢ Ll Y,

X! :%(xi+x,) ‘i=h,m

: I JSEN DA e ALl ) sl eaia yin
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highest point

mean V

simplex shrink towards minimum
\

4

=7ect and grow reflect and shrink shrink

3aa =l g a7 S

rulEll) e 1-2-3

T - 12
S:(_Z(fl_F—)J <&
i

; Capid) pSlend b3 vie Sl aE f o, Y] oLl sy 0 oius
ssha JS 8 laalayl & ) saaal) ddaiil) el F
:(6)Jba
il Ll (Sl

f: R >R

f(X)=2x +x;
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S sl e Y] elmdll b pSlban gy (1,0),(1,1),(0,2) Gl
hrall plill gyraall Al Mlagy alie Jals Aigh axiii) cagllaally

:Jal)
Go Al S v Jaed) o) o8 e Toldie) Laelai (uShiendl 1) Cip
oSl AL Ll

X =(1y0)if= 2

X, =} ;f, =3

X,=(0,2) ;f,=4

X, adaiill (ulSad) Slaly agis
Xy 5 X, oitlail) G Aloalyll Lol dakadll Caaie sagi ) 3

X+ X,

C= =(1,0.5)

aai lSa¥) ADle Bk &
X, =C+2(C-X,)=2C-X,=(2,-1)

xgr

\P xr
H(X, il GulSas) (e Aaalill) X, Aaill vie alil G olasy adal Y
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f =f(X,)=9>f,=4
ades Gagiall Gl gyl DG Ll aren o Tl X ALl o)

X, = X32+C = (0.5,1.25)
\
Xc
DS
[N
\ -

o
-

O i X aie bl dad luay V) Al
f. = f(X,)=2.0625<min{f,, f,}
A 8ye DA caii dpaid Blad) (W 2 & X, 2 X dafiusis ae ol
% = (T il e
X, =(0.5,1.25) ;f, =2.0625
X, =1 ;f,=3
b X, o X, o)y Aloal gl daiio) daadll Caatia (V) aagil )

X, +X,

o< =(0.75,0.625)

X, Adaiil) (pulSas) aa il 25
X, =C+2(C-X,)=2C-X, =(0.5,0.25)
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A
x«i
/7 X3
gl
X?« X,

O 2n3 5, Akl vie bl dad Cluays
f = f(X )=05625< f,
2l e habs o st Ll diag

X, =2X, —C =(0.25,-0.125)
A

L ]

GO 2n3 5yaY) Alal) vie 4l dad iy
f,=f(X,)=0.141< f,
e 2y ohd (oM LSliend) e Juasid X, oX, ot Wh 4le
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: ‘_;Lal Lac bal
X, =(0.25,-0.125) ;f, =0.141
X,=(,0) ;f,=2
X, =(0.5,1.25) ;f, =2.0625
X, sX, chiil) n dlialsll dadioa) daladll Cosiia aas

_X1+X2
2

C =(0.625,-0.0625)

X, Adail) (ulSas) an il 25
X, =C+2(C-X,)=2C - X; =(0.75,-1.375)

GO 2n3 5yaY) Adal) vie 4l dad iy

f. =f(X,)=3.016> f,
Adplall 03¢ daliall LiSayy (adiilly o gains Lld 4l
LBy o e eday i (g yrall dadl) O Aaadle ey
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Initialize a simplex

Determine
=hs Xg» Xy, and X
fhr £ )

j!

Y
(Rcﬂccﬁon: X=X+ oX - Xh))

=

[chlacc Xp by x. |

ﬁ’) ® ®
! 1
[ (Expansion: X=X + Bx, - i)) (Cc.nu'action: Xo= X + (X}~ ij}

fo< f; fo>fy

[ Replace xp, by x. | | Replace x, by x, I [ Replace all x; I I Replace xy, br

L 1 1
s &
:(7)Jba

paplsa pladinly F YY) =X7—AX+y 7 Xy ol (gl Aedll 2
V,=(0,0)V, =(1.2,0.0)V, =(0.0,0.8) (g3 ¥ alatinly Ty ase b
s Jal)
el F(x,y) el 3l
f (0,00=0, f (1.2,0.0)=-3.36 , f (0.0,0.8)=—-0.16

W, G ,B (gl wasil 4l o o)l
B =(@1.20.0) , G=(0.0,0.8) ,W =(0,0)
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i M 5 R LGN W Gl Jlada) S

M=B+G

=(0.6,04) , R=2M -W =(1.2,0.8)

f (R)=f (1.2,08)=-4.48 <f (G) il iod
t b WS E (el oLl iy el olaily Jin f (R) <f (B) of Lass
E=2R-M =(1.81.2)
tlavie il Aoy
f (E)=f (1.8,1.2)=-5.88 <f (B)
saaal) B gy 13
vV,=(812),vV,=(1.20),V,=(00.8)

Jall ddais die ) yiasly adalin lly COlB (pe Aluls algs Ailaal) o328 pain
O - lsha aad Gbiall (ugyy vie Al 6 Jsaall an BJSEN il ((3,2)
rdady) Gl OIS G 33 ashall s el dpapball sl Gl
P h@l\ oday .f (B)=-6.99999998 s B =(2.99996456,1.99983839)
0<S5(3,2) J LS elgml o o W5JGA b sasasal) f(3,2) =7 i
Sl i e SEI 5 s, greall dedl G ladae maay W) o
Wi e Je 138) Lewsis Wil ciis (BJsadl ki) V), f(B), f(G)

a8 ga sl oy (G 550
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351

ae =yl diplay (3,2) Al L)) Jpemsl) s {M |} clibia dlul 8 )

Kk Best point Good point Worst point
1| f(1.2,0.0=-3.36 | f(0.0,0.8)=-0.16 f (0.0,0.0)=0.00
2 | f(1.8,1.2)=-5.88 f (1.2,0.0)=-3.36 f (0.0,0.8)=-0.16
3 | f1.8,1.2=588 | f(3.0,04)=-4.44 | (1.2,0.0)=-3.36
4 | f(3.6,1.6)=-6.24 | f(1.8,1.2)=-5.88 | f(3.0,0.4)=-4.44
5 | f(3.6,1.6)=-6.24 | f(2.4,2.4)=-6.24 | f(1.8,1.2)=-5.88
6 | f(24,1.6)=-6.72 | f(3.6,1.6)=-6.24 | f(2.4,2.4)=-6.24
7 | (3.01.8)=-6.96 | f(2.4,1.6)=-6.72 f(2.4,2.4)=-6.24
B f (2.55,2.05)= .
8 | f(3.0,1.8)=-6.96 6.7795 f(2.4,1.6)=-6.72
S f(3.15,2.25)= f (2.55,2.05)=
9| 13018696 -6.9525 -6.7725
f(2.8125,2.0375)= | f(3.15,2.25)=
l = ! ’
0| 1(30,1.8)=6.96 -6.95640625 -6.9525
6 Jsaall
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N )

N\
frah
Nl

s3m — ki iy Aylladd

real) Akl Y Jpasl his {M |, } clifie dlule 19 (<2
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:Powell Method Jage 44,4 3-3

S zan Y Ll (1964 e b dis allall lajadl G2 ) Jaso dipla Sl
oo Js dis 2 5 Ll il greall Aadll alagy cliial aladi
G Al dxdl desens JB2) Gpb g grruall dedl ol Cai)
Ll e Aludes algs Al Alajal) 8 W5 saslsll dxdl o cad) 8 Lo
e 2 7, O lle B =R, + U, 4l DA 5o X, =Py ,P,,..., P,
il o Al daall Cay Aapha oladtuly F(R, +,U,) Al sy
G o(anly ete oll)diall golal Ll ale 5 @A Jadl e
Lassiall asgial Toliin) Wyt ot 5aY) L ) U & LS 4ad)
o dan Ja dleall 2w IS8 5 U =P —P) Gayis s ol
csrdll Jall e i Al e gana
il pall Al A de AN Aad X, gayal 1)
Lapylall Al X, dedll e QY Jolad L Z =F (X, X5, Xy )
aallal)
tdas Al Al
step(1): Set P, =X, .
step(2): For k=12,.,N
find 7, minimize f (P, ,+»UY,) and

set P =P _+nU,
step(3): Set i =i +1.

step(4): SetU;=U,, for j =12,..,N -1
SetU, =P, —P,.
step(5): find 7 minimize f (P, +U,).

Set X; =R+,
step(6): Repeat steps (1) to (5) until |Af |<e.
Then Set X, =P,
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:(8) e
el Jal e X, 5 X Al dis Raelled pasid

f (x,y)=cos(x)+sin(y)
- X o =(5.5,2) a8l daall Hliely ellyg

sl
A
10 _ 1 0
P=X,=(652,U= L U,U, [0 N
il i =1 Jaf e
f (P +7rU,) =1 ((552)+7(10)
=f (5.5+7,2)

=0s(5.5+ ;) +sin(2)

. P, =3.1415958 4ia; y, =—2.3584042 e (yruall iadll L
i =2 dal o

f (P, +yM,)="f ((3.1415958, 2) +,(0,1))

=f (3.1415958,2+,)

=0s(3.1415958) +sin(2+y,)
- P, =(3.1415958,4.7123803) 4ias 7, =2.7123803 3ic (gyruall dadll Ll
=
J {o —2.3584042}

0
;newU, =U, = , newU, =P, -P,
1 2.7123803 1

:@\ﬂ\
f (P,+J,)=f ((5.52)+y(—2.3584042,2.7123803))
=f (5.5—2.3584042y, 2 +2.7123803y)
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= cos(5.5— 2.3584042y) +sin(2 + 2.7123803y)

X, =(3.1848261,4.6626615) 4ias y =0.9816697 ~ic (5 all dail) !
rlill i =1 Lxie .y =X, gl

f (P, +yU,)=f ((3.1848261,4.6626615) + ,(0,1))

—f (3.1848261,4.6626615 + 7,)

= c05(3.1848261) +5in(4.6626615+ 7, )
.P, = (3.1848261,4.7123732) 4ias y, =0.0497117 e (5yeual) asdl) L
il | =2 Loxie

f (P +U,)=F ((3.1848261,4.7123732) + y,(~2.3584042, 2.7123809))
=f ((3.1848261—2.3584042y,,4.7123732 + 2.3584042, 2.7123809y,,)
= c05(3.1848261— 2.3584042y,) +sin(4.7123732 + 2.3584042, 2.7123809y,)
.P, = (3.1662373,4.7337521) 4ias 7, =0.0078820 ic (5 ymuall dasll L]
U;=(P,—P,) cmsii agli sy
{—2.3584042 —0.0185889}
27123803  0.0710901

gl
f (P, +yU,)="f ((3.1848261,4.6626615) + »(—0.0185889, 0.0710906))
=T ((3.1848261-0.0185889y,4.6626615+0.0710906 )
= c0s(3.1848261—0.0185889y) -+ sin(4.6626615 + 0.0710906 )

. X, =(3.1698887,4.7197876) 45 y =0.8035684 xic (5 yruall daill Ll
abaill  yie At e Al WIf (X,y)=cos(x)+sin(y) Ul
adasiyall adlsally f Gl leall pw Jarne 10 IS8 magy P, =(7,37/2)

X, XX, alall
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- (fy
xpt

slanal) Llall f o ) Ji o 110 IS

:gradient and Newton method ¢sigsi g gaill 44y k-4
Mol e N 33 F (X)) il A8iall culiiiall alay) e Taldie) oY) o i
X = (X, X gy Xy ) S oAl (5l 4all

:Steepest Descent or Gradient Method (al3e¥1 jlasiy) of g il 45y ,k 1-4

e Bsage OF (X )/0x, Glball dua X judell A6 Z = (X)) g2
k=12,..,N Jal

o (X) of (X) o (X)
ox, = ox, X,

(33)

Vfaqz[
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:(9)Jbe
(=3,—2) kil e f (x,y):z)‘;y2 ) 75 aa

X2+y2+
:Jal)
PG Y =2, x =3 pas
—XZ4+2xy +y°+2 —XZ=2xy +y*-2
f, = 2 2 pa—— 2 2 2
X“+y“+2) X“+y“+2)
9 19
Tt @B 2)=(f (3,20 R32)=(—= , X"
(-3.2)=(f,(-3,2),f,(-3,2) (225 225)

) i eI Jaeddl Y iy (33) ADLD) 8 oyl pled o) Sl
P, ikl v fa . alaell jadlall olaily —VF (X)) sl 13 Lf (X)
S dail Sy = VI (R) [| =VF (R} :olails Py sue Ll Jsha e nily
Se oSl X Akl cudi vie g hal) dlad) el els Cua P, Al
el ehal i AiSae Adial) il o e WX =P 4y S) sl
yliy —VF (P) camad clld any ool 5 i) i) diph aladiiul
el Gua P, Alill Jeain WS ==V (R)/[|-VE (P sl b olasly
Jgpw . X =P +y S, aiiuall Jo nal X Gl die g ppeall laall dagl
f(P)>f (P)>..>F (P)>... ialdll WP}, Ll e dlule )il
(X)) Sl praall Aadl dadll f (P) s Sie limf (B)=P S 13)
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PO c=a Cp>C1>C2>C3

slanal) Ll f o i) Ji o 11 IS

ol Ayl Loyl cghail)

() Evaluate Vf (P,).

(i) Compute the search direction

S = v (Pk)/||—Vf (P, )||

(i)  Perform a single parameter minimization of
O(y)=f (B, +7S,)on [0,blwhere b is large. This will
producte a value y =h_, where a local minimum for
®(y)occurs. The relation @(h)=f (P, +h . S,)
shows that this is a minimum for f (x) along the
search line X =P, +h_,. S, .

(iv)  Construct the next point P, =P, +h,;.S, .

(v) Perform the termination test for minimization; that
is, are the function values f (P, )and f (P..,)
sufficiently close and the distance [P, —P;||small
enough?
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(VI) Set UN =PN _Po.
(Vi) find 7 minimize f (P, +J,). Set X; =P, +/J,
(vii) Repeat the process
:(10)Jts
Bk _ X—-y - T ‘o
Sy g of (x,y)_?y%r2 Ul P, Poalsy zoall ddyla andi
Py =(-3,-2) & Al il laely
s dall
P, =(-3,-2) Jal (e
I
So=————(—
(G AGY)
_ 1 (
|(=Vf (-3,-2))|

=(—0.4280863,0.9037378)

V(7))

_Vf (-3,-2))

L
f (P, +75,)=f ((-3,—2)+ 7(-0.4280863,0.9037378))

—f (-3—0.4280863y, -2 +0.9037378y)
_ (~3-0.4280863y) — (~2+0.9037378y)
(-3—0.4280863y)° + (—2+0.90373787)2 + 2

() il dayyha alasiul) y =h = 4.8186760 i (5 ua dad 4l
P =P+ hminSO
— (-3,—2) + (4.8186760)(—0.4280863,0.9037378)

= (-5.0628094, 2.3548199)
P, = (-5.0628094,2.3548199) Jal (1« s
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1
S,=— (-
vt e
_ 1
~ (= vf (-5.0628094,2.3548199))|

Vi (P))

(-Vf (~5.0628094, 2.3548199))

= (0.9991231, —0.0418690)
Sl
f (P, +7S,)=f ((-5.0628094, 2.3548199) + 7(0.9991231,—0.0418690))

= f (~5.0628094 + 0.9991231y, 2.3548199 —0.04186907)
_ (-5.0628094+0.9991231y) — (2.3548199 — 0.0418690y)
(=5.0628094 +0.9991231y)? + (2.3548199 — 0.0418690y)° + 2

(ol i) Ayl Aoty y=h = 2.7708382 e (g phun dad 4]
Ba= PR TS
= (-5.0628094, 2.3548199) + (2.7708382)(0.9991231, —0.0418690)
= (—2.2944111, 2.388080)

min

iad f (x,y):ﬁ Ll & (705a) G ilbles 520 sl
P=(-11) 3 gra

k Xk Yk f (Xk.Yk)

0 —3.0000000 —2.0000000 —0.0666667

1 -5.0628094 2.3548199 —0.2235760

2 —2.2944111 2.2388080 —0.3692574

3 —1.3879337 1.3859313 —0.4743948

4 -1.0726050 1.0724933 —0.4987762

5 —1.0035351 1.0035334 —0.4999969
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Xy Yk f (X k' Yk )
—1.0000091 1.0000091 —0.5000000
—1.0000000 1.0000000 —0.5000000

7 Jsaall

tyigt Ay 2-4

Oe lagan ) asly pties il Cugi oS 480 (1) gaae dalas b Laay
psede (Figd axdiul o(mhe¥ Gbags aladinly JE Juw e ) 406 2a
e e adie) sl adie e alaeYl Zull Al cibagaal cyjal
I ) il e SIS axtieny diladl gpreall adll slaly cul
S Al i) L aadid gyl dayla o abeis L cogllaall aill st
Lete Aol S0 (ign Al 6 o pig I

ol Aipla 5 (s ang) (e Ayl G BN (w112 JSAN
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1(6) iy jad

e Bagage OF (X )/0x 0% liidall Cua X uiall 16 Z =F (X)) oS3
d,j=12,..,N Jal

W ey ¢ X xie fodal eN XN 2l e Claws Aghias iy
tob WS« Hf (X)

o280

o (N =158 Laxie) f o alill S Gaiall Ll o Gl Adghias Cajpdy
ool glasla gl f o alill Glus dghas of muall
(35) Hf (X)=JVFf (X)
:(11)d\i’m
((-3,-2) Al v f (X,y) =Y il s Abghas dal
X+y“+2
(9)JBall 0
X2 —2xy +y* -2
(X2 +y°®+2)?
1Al Al calsidal)
C2(x° =32y =3 (Y +2)+y(y:+2)
(x*+y?+2)°
C2(xP 43’y +x(2-3y ) -y (y2+2))
(x*+y*+2)°
C2(xP+3x %y +x(2-3y ) -y (y*+2))
(x?+y?+2)°
C2(2x +x° -6y =3y =3y *+y?)
(x*+y*+2)°

L 242Xy +Y B2

XZ+yZ+2) I, (xy)=

f.(x,y)=

fr (X2 Y)

fy(X,y)

fyx(xfy)

fy(x.y)=
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Hf(x’y){fxx(x,y) fxy(x,y)}

f xy) f,0xy)
(—3,—2) ot xic

138 78
Hf (-3-2)=——
3375| 78 122

1 (7)ol
tok WS A die f (X)) dal (e 208 A2l e sl a50m 35S (il

(36) Q(X )=f (A)+VF (A)-(X —A)+%Hf (A)(X —AY
1(12)Jte
il e f(x,y):% QG s B
Ax2 3l e AdgheadS il zl Alle LA = (-3,-2)
:(10) 5 (9)cxliall & )5 LS

vi (—3,2):[fx(—3,2),fy(—3,2)]=[ o = }

225" 225
138 -78
N
3375|718 -122
Ja<a
Q(x,y):—i+i[9 —19]-[x +3 y +2]
15 255
1 1 138 78 '
+=[x+3 y+2|| — X+3 y+2
1 : ][3375){—78 —122}[ -

_ 69x°—61y ? +393x — 763y —481
3375

AxLalay) i Agiiad) (o A ghiadll jsa) Cada
Oy Ghasase Z =F (X3, X, Xy ) (Sl do¥1 oliial) i) oSl
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PoAkall ve grua Aol Al gy Py Al gy A Jaall 8
b Py Akl (36)dasall & A Jaiw
1 :
BT QEO) =t (R)+ VI () (X ~R)+ZHf (R)(X )
‘)6'23} .X :[XI’XZ""'XN] &_\.\; 6‘):\&.4 N k_i\.l 2.}.'113]\ :\A)Jj\ L)A .JJJA E:
Ladic 4l (g ruall 4l
(38) VQ(X)=0

(39) Vi (P)+(X —P,)(Hf (P,))’ =0
058 e of Ul gpuall dagll jelii Cus) Poge dnd Py S 1Y)
X Al Al (39)Arpall da alay) Sy lie LW H f (R)

(40) X =P, =V (P)((Hf (P,))™)
& (40) pall 8 P dedll X Gangatg

(41) P, =P, —Vf (P)((Hf (P,))™)

Qs e Joasi lavie (41) dauall 3 Py oo Lase P, Leasinl 13 Ul

:?u\
(42) P, =P —Vf (P_)(Hf (P_ )Y
X dal e Ledal (39) Axpall 8 Gl Adshias Ciglie aaiins
:(13)45&
X -y ) T— .
f(XvY)=m AUl da) GeP, P alay (42)Raall aadnd

Py =[-0.3 0.2]Agluy! ddaiil) Lariiose
taxie Py =[-0.3 0.2] <l 13
Vf (P,) =[0.4033591 —0.4254006]
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0.4476594 —0.1955793
HT(R)=

—0.1955793 0.3801897
2.8814429 1.4822882}

Hf(P)) =
(HT(F)) {1.4822882 3.3927931
i (42) Beall 8 o Lo (et
2.8814429 1.4822882
1.4822882 3.3927931

P, =[-0.8316899 1.0454017]
Nae P =[-0.8316899 1.0454017] i< 1y

Vi (R) = [0.0462373 0.0097785]
0.3027529 -0.0212462
H f (Pl) e
—0.0212462 0.2513046
3.3227373 0.2809163}

P,=[-0.3 0.2]-[0.4033591 —0.4254006]{

HTf(P)) =
(Hf(R)) {—0,2808163 4.0029851

i (42)dapall 3 Gus L Gages
P, =[-0.8316899 1.0454017]

3.3227373  0.2809163
—~[0.0462373 0.0097785]

~0.2809163 4.0029851
P, =[-0.9880713 0.9932699]
@l Legll Coa P =[-1 1] Al e ylim Ll of sl
Py =[1 1] pselall il L) Jeai il L f ol
G \ghie pu Al (Figs Alpl o (e Alsenn s (o)l (Sa adlsl) S
LAy dadl
raall Iad 3yl aladiuly (fign Ayl et Sy
S, =—Vf (P )(HT (P )T
dph 8 0S, Cadl Ld Hlaanl AR ol 1y L (42)kaal) B (as
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s Aiphe e Allad ST () S (g A3kl
el (st Ak al Lunsiyl) cufghal)

(0 Compute the search direction
S, = VI (P_)(H T (P

(i) Perform asingle parameter minimization of
®(y)=f (P, +7S,)on [0,b]where b is large. This will
producte a value y =h, where a local minimum for
®(y)occurs. The relation ®(h,,)=f (P, +h,,S,)
shows that this is a minimum for f (x) along the
search line X =P, +h_,,S, .

(i)  Construct the next point P,.; =P, +h;,S.

(iv)  Perform the termination test for minimization; that
is, are the function values f (P,)and f (P..,)
sufficiently close and the distance |P,.,—P,|small

enough.
(v) Repeat the process
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Caolad

gl g 2000 il 255 Jlae apanl (1) yual) axiins) -1
f(x)=x/x-1) (b f(x)=2x>-9x?+12x -5 (a
f(x)=x" (d f(x)=(x+D/x (c

bl Jlaal) 8 Jial) dpalaf 206l alsil) of il (3)cagaill aadin -2

f (x)=cos(x); [0,4] (b f(x)=x2-2x+1;[0,4] (a

f (x)=—x(3-x)*;[0,3] (d f (x)=x";[0.4,10] (c
O oalially (grmall Dl il alasy C&al o) (4) 5 (3)cianal) praind -3
el Jlaall Gaa 2000wl Jal

f (x)=4x3-8x2-11x +5;[1,2] (a

f (x)=x+3/x%[053] (b

f (x)=(x +2.5)/(4-x2);[-1.9,1.9] (c

f (x)=e*/x?%;[05,3] (d

f (x)=-sin(x)-sin(3x)/3; [0,2] (e

f (x)=-2sin(x)+sin(2x)—2sin(3x)/3 ; [13] (f

Y =x? A adadll 3(3,1) Adaill (pe oY) Akl sl -4

Ly =sin(x) i) 3(2,1) Akl (e oY) Akl aasf-5

sl 4 B(-1,v24),A(3,4) <uls 1JAB sl e 22Y) Akl 2a-6
XZ4+y?=25

[a,.b ] ey dpde A duadd Cujing duadl) Aol Ciay Ayl aadinl -7
aal Lo ol IS o) LaaY Al alsill g b IS8k =0,1,2 a0 e
2R3 Jlaall A Jiiail
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2
f (x)=e"+2x +X7;[—2.4,—1.6] (a

f (x)=-sin(x)—-x +§;[O.8,1.6] (b

f(x) =§—4x —Xx cos(x);[0.5,2.5] (c

f (x)=x3-5x?%+23;[1,5] (d
O [a b ] ey dpdie Ml duadd iy HELLE Ciny Al ar3inl -8
bl 2 s Fy o Gap (7)opall 8 sl dlsall k =0,1,2 da
ce Jlaad Giadly jaal)
Al Al il Loddine Ay l) Alolaall (o diplal a))S5 i -9
(7)ol 8 sl Jlsall 4yyie
il P, , P alasy dgpdie ali)] diedd iy ol dhany Ak axdiud =10
(7)ol A )
Agladll Auadll dnal) Gy Ak B daall Jlasall ko Glshall e o 211
Al slaxall <Vl dal e as e
[-2.3,-1.6],k =5 (b [01],k =4 (a
[-4.6,3.5], k =10 (c
line & ded 5 dlae JS dal oo F nall 3lLd s s <12
(9) dsalsid
[-2.1,5.3],£=10"° (b [-0.1,3.4], £=10"* (a
[3.33,3.99], £ =102 (c
slsbsdl Lyia 02y -13
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1— I:n—k—l — I:n—k—2
I:n—k I:n—k

gl il (grall Aadl) 3as Fhla (s3] Suagiolin iy A8k ad 14
asih dg,Cp adll LB ahadiu) e [ag,b] B e Gea Jial
Sle el L (8, +by) /2 sl g ol Al e sl & Ailus e
2d;,€; waady Adeall )85 Lana B Jlas e diass f (d),F (C,) @l
b, —a, >tol f Wl 5aY) daadl Jlaadl Joba tol 5 Cijna culic o
FOSd

_ A0 F o D
2 2

S Y by, =d, 8,3 & fE)<f@) oS W

SUS @t‘:’k =k +1 oS b, ,, =b, , &, =C,

s [anb] Ay dpde Al Auedd iy Segindin Gy aadiul (@

[2.4,-1.6] Jaadl & f (x)=€* +2x +x?/2 &) Jal e [a,,b,]

Cy +e

DL ey My K3y Jadl Jlsal Jsh 2af (b

b, —a, :Zik(bo—ao)+2g(1—2ik)
rua (@) ) syl alill K dadll Cae (c
b, —a, <10 , £=10"°
Jadl 4 dibiia; Jaal galal f ol oSy sl ) 35l -15
o a7 padiS Lo ppead) Gl Bl o e Al 5 <[3g,D,]
foae Gl gy ag0al) 5,3 Sl P (syiall dadll i) sy
sosal . Jlaa) Calyhal xie 7
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P(x)=a(x —ag)*+ B(x —2g)* +7(x —8g) +p
P'(by) =f '(by) . P(by) =f (b,) .P'(a;) =f "(a;) , P(a,) =f (a;)
dead Y @ =a,,b=p,, de bae f(p,) oS M
@l Jladl) e Jpeand) (s Aaall LSS ol .8y =py, by =b,
Gl diph 8 WS b, —a, <& cuslhad) Ladll e jreal Koosgladl)
Py oo el dagyn fa dla) i cJeaill Gara 35l eIl

-0+ 2—30{ s %
2 “?fx L o (a

p=P(@)=f (a), 7=P'(a,)=f "(8) & o (b

i pmin :a0+

R T N - IR
bo -2y b, —2

Gl l)T@) o F-y

bo -8y bo —8y

slaub] el dpde M duadl Qg el Caall Ayl paail (d
Jasdl & F(x)=e*+2x4x2/2 LW dal oe [a,b,]
-[a,,b,]1=[-2.4,-1.6]
gl lsill (g paall Falaall Al alay (5) iyl axiinl -16
f(x,y)=x3+y3-3x -3y +5 (a
f(X,y)=x2+y2+x -2y —xy +1 (b
f(x,y)=x%y +xy%-3xy (c
fx,y)=x-y)/(x*+y?+2) (d
f (x,y)=100(y —x?)>+(1-x)? (e
awls EL,R,M Ll asgd W =(52),G =(11),B=(2,-3) sap -17
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(Jall 8 A4S Laal el Lalade

mols -E LR, M Ll aag W =(31),G =(-2,-5),B =(-1,2) s -18
el b A8 Laa) i) Lalade

W =(1,0,0),P =(0,0,1),G =(1,1,0),B =(0,0,0) s -19
.BGPW zshull el o)l (a
.M =(B +G +P)/3 2a (b
.BGPR gshull el awjls R =2M -W 24 (C
.BGPE zshull el au)ls E=2R-M 224 (d

da gl W =(21,0),P =(0,11),6 =(0,2,0),B =(0,0,0) L= -20
bl Ul

e Py = (%, 1) ) del Loadie X alay) 3 i dipla s 221
Cf(x,y)=x°+y°=3x =3y +5 Jal

cly Py=(%, %) 48ay) Al dal e Gl Jhadl Jaasgl 22
. f(X,y)=x%y +xy*—3xy

on S s i M =(B4G)/2 o oy ki aag -23
.G B (yiikiil

SV oy IS e dilusall B daii vie oLl Eifie of claugia of cadl 24
Caal) sladU Syl Ak
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Stopping procedure

U
Relaxation ¢la))
Basis b
Weak stability Camaa )yt
Strong stability G
Linear independence R Jm.w\
Interpolation ! e lasia)
Exponential ol
Numerical differentiation S ég;;\
Minimax value u,qjg; dad sl
Squares least Grall Clag )
Maximal Lalae
Forward (ei) ol
Systems (Alen)daka]
Deflation ol
Euler Sl
Root Finding D ala)
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Numerical software

axe el
Program zaliy
Collection ( ) g
Back ward error analysis sl sl Jdas
Round off g
Quadratic (e
Acceleration c_’w
Similarity alis
Perturbation (laal) sl
Extrapolation enla sl
Back ward substitution @A\} s
Convergence " &
Quadratic convergence s
Approximating ‘—“.,)S"

Piecewise polynomial
approximation

daalad 2 gaa 5y ()i

(1)
Rational approximation S s
Binary search REERRO
Evaluation a5
Integral Jalss
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Double integral ol Jalss
lteration " s
Functional iteration s s
Fixed point iteration Al w\ S
Cubic s
Binary representation of N M‘
number j

Bisection Caseats
Iterative refinement < WA
Basis functions “ ol E
Asymptotic error constant ( ) ol (sl s
Triple s
Bilinear el A

Piecewise bilinear

fakadl) Al 3508

Jacobi iterative

LS oSl

Algebraic Lpa

Scalar product e glaa

Root BN
(c)

Bound (25330 ) 2l
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Remainder term

a3k
Rounding arithmetic aeN laa
Chopping arithmetic ahdl) Cloa
Nested arithmetic (Ja)ie) i
Posed well sl A
&)
Error s
Local truncation error sl adadl
Strategies Ll
Multistep o fghad
Consistent one step diudie 3aalg 3olad
Linear i
Piecewise linear (Aaakadl) ) 4550 4pdas
Back ward (22l5) o2ty
Algorithm daa))lea
(3
Accuracy degree aaal) da 0
Double precision Al 48y
(3
Variable step size Saiall 3ehadll Jsla culd
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Computer graphics slall asus,
Machine number AT 4,
Finite d|g|t (’G‘):y\ Jgdaa
()
Composite Simpson's iSHd)
()
Pseudocode AP
Trapezium -
Quasi newton s Aud
B-splines - s
Root condition sl s
Lipschitz condition Fiadal
Quadratic spline ¥ LI
Cubic spline FaainS Aay
Natural cubic spline funh day)d
Reduced form Jiide JS5
Floating point form il ALl
)
Explicit (All) dagpum
Minor "
Zero e
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Zeroth

SHa
(=)
Implicit diaca
(5)
Method Qs
Stable A method SHsuaadl A dayyha
Bisection method Canaill) 43,k
Power method 3sall 4y yla
Inverse power method Tnkal) Ayl
Symmetric power method 3ylalindl 44yl
Neville method Ja dayyla
Method of false position (shlall aagll day)l
Step size 3gladll Joh
Spectrum o
(&)
Decimal machine number @rie Al s
Condition number (R e
Operation counts Gllaall e
Instability Dbl aae
Nodes Jac
Inverse ile
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Maximal column bael dgac
Scaled column ToM e
Finite element dgdaa palc

Pivot element

(DSl s yaic

lterative Gauss Seidel

Al Jue Gusle

Nonlinear

Al e
Unstable $iall e
Underflow (sl sadd) cint) it

(<)

Difference G
Backward difference ol
Interpolatory divided LD gl 3l
Finite difference siaa (3
Vector space Cileaia ¢ lind
Super linear b i
Overflow

(ndal) sgiall 368) i

Differentiable

Jualaill a8

Secant

pLals

Least change secant
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Three eighth rule

oLl D e

Formula (fhas) ()5
Quadratic formula ori
Forward difference - m\ Gl
formula :

Three point formula SN Ll
Five point formula el Lalail
Shooting i
Linear shooting - i
Nonlinear shooting Jha e
Truncation i i
Inverse power ise 34
Power s
Symmetric power i)l
Initial value A8l Aad
Eigen value 3505 fd
Average value Jasall g
Characteristic value 5300 Ao

(<)

Complete LIS
Polynomial 353a B8
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Piecewise polynomial (fundad) Adsias
Global s
(¢)

Operator e
Fibonacci sequence il g e
Vector aaie
Residual vector e
Eigenvector 3 4aie
Nested i AR
Series i
Continuous e
Orthogonal s alaia
Orthonormal Luallas
Isotropic Lha Jilei
Centered 35

Corrector predictor

Trigonometric 4ibie
Divided (piia) e
Orthogonal set elaiie de sana
Orthonormal set doallas
Convex ALdaa
Determinant of matrix 18 snal) 2na
Local AL
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Pivoting (5%l 8)5na
Control 48 ya
Order of convergence )\&5 A e
Linearly dependent (AT IN
Composite il
Initial value problem 450y dadll
Linear boundary value dabaal) doaal) sl
problem ) \ ]

Stable § i
Weakly stable i 3 e
Strongly stable 858 8 )i
Matrix ddg8ina
Symmetric matrix 5 ylaliia 48 ghna
Dominant matrix 3latie 48 98im0
Positive definite Lula) 462
Multiple Caclias
Absolute Galaa
Heat equation s)hall dales
Linear equation ha
Closed A
Successive over relaxation i Lo i
Integration Al
Adaptive quadrature (e )i
Osculation daad
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Clamped

B
Extended s iea
Characteristic $ae
Bizier curve A Sae
Rational (c5S) Al
Well posed N, S

()
Steepest descent s
Relative i
Five point Ll jued
Three point Ll e
Midpoint Caainal A
Backward Euler theory damalill Ll Ay
Modified Euler theory Aaad) Ll i
Exponential growth A
Limit il
Open Newton Cotes il S g
(5)

Description -
False position ohls ains
Weight By
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o el Ll

(A)
Absolute ke
Deviation Absolute Gllas il
Accelerating g
Accuracy degree 48al) da )
Adaptive (Ainnd) Fie
Algebraic iy
Algorithm ey sa
Approximating e
Asymptotic error constant Colaal Waal) ety
Astable method il A Gk
(B)
Backward (ol
Difference Backward G R T
Error Backward sl sl Jilas
analysis :
Backward Euler dgmalgll L]
Backward Substitution sali (s
Basis Ll
Basis Functions el .
Bilinear aadl) asls
Binary digit ety
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Binary Representation of sl S Jia
number i

Binary Search Sl
Bisection i
Bisection Method Capeaill 45,1
Bizier curve My i
Bound (2595) 2a

(©)

Centered S i
Characteristic $1ae
Characteristic Value SO
Chopping arithmetic il s
Clamped 51
Closed i
Collocation pan
Complete RS
Composite IS
Composite Simpson's 1Sl () grasean
Condition number g e

Consistent one step

(Auleia) 48udia B2alg B5lad

Continuous -

Control Adlye
Convergence )&
Convex Tt
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Cubic

Cubic Spline doueSs dag il
(D)

Decimal machine number e Al axe
Deflation * Ul
Description Cang
Determinant Of matrix FEPETOPRRL VN
Difference )8
Differentiable SELE 4LE
Differentiation Numerical PRSI
Distribution of heat el Al .s bl s
.Steady state

Divided (psnitall) Taa
Double g
Double Integral Pt dA\s_,
Precision Double " a8l 48y
Dominant matrix Sylate d898ina

(E)

Eigen value 450 48
Eigen Vector 1 aaia
Error s
Evaluation g
Explicit (Aals) dappa
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Exponential -
Exponential Growth el s
Extended 333as
Extrapolation PES|ENP
(F)
False hla
False Position (Rl ol
False Position Method tshlall o)l 45k
Fibonacci Sequence (0 b Al
Finite () 250na
Finite Difference J9daa (3)d
Finite Digit J93na ady
Finite Element Jgdna palc
Formula () o8
Fixed point iteration Al adasl) )&
Floating point form il Aalall I
Forward (ooii ) ol
E)(?::/]vlﬁ;d Difference ol 5ya ()53l
Functional iteration S s
(©)
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